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Legal Notice and Disclaimer

This program and manual are for personal use only. You are not permitted to sell or
redistribute this program and manual in any way.

This program is intended to aid designers and enthusiasts in building Stirling engines for
their own home and personal use. The results of the program are accurate as far as the
physics and mathematics are concerned. But you are still expected to exercise good
judgment when designing and building a Stirling engine (or any engine). Therefore, I'm
not responsible for the use or misuse of the program, or the information presented here. If
you plan on building an engine for commercial application it is strongly advised that you
seek consultation from an expert who can give you professional advice based on their
experience with commercial systems.
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Some Background

The Stirling engine has attracted much attention over the years. Its potential for high
efficiency and the ability to use a wide variety of fuels has made it a serious contender for
alternative power sources, especially in automotive applications. The potential for
Stirling engines to replace the Internal Combustion engine (ICE) in automobiles was
explored in the late 1970’s and 1980°s.

In 1986 a technical report was released by NASA outlining the development of the MOD
I, and MOD Il automotive Stirling engine (see Appendix E for details and pictures). The
engine used pressurized hydrogen as the working gas. It was developed and produced by
a collaborative effort between NASA and MTI (Mechanical Technology Incorporated).
The MOD 11 engine in particular could reach a thermal efficiency of 38.5% (significantly
higher than a spark ignition ICE), and with power comparable to an ICE of the same size
(83.5 hp). It burned fuel with cleaner emissions than an ICE due to the fact that it burns
fuel externally to the engine. It also produced much less noise during operation.
Therefore, no muffler or catalytic converter would be needed for the tailpipe.

The technical problems were for the most part related to the high-pressure requirements
of the engine (up to 15 MPa), which requires bulky components and specialized seals.
Nevertheless it was projected that the cost of production due to economics of scale would
be competitive with an ICE. Unfortunately, it failed to attract large investment in the
automotive industry mainly because it was still in its infancy development-wise, and it
couldn't compete with an ICE on the basis of responsiveness. Stirling engines do not
respond as quickly to changes in power requirements as an ICE and take longer to warm
up before reaching full power. Great strides could be made in solving this dilemma by
using elaborate control systems regulating pressure, etc. But in the words of the large
automakers such as GM, the market “would not tolerate this”, even though efficiency
gains and reduction in harmful tailpipe emissions were significant. Furthermore, cheap
energy (oil) was abundant and no one at the time cared to invest heavily in an engine
deemed “economically risky”.

And now here we are today, faced with an energy future which can no longer blindly rely
on fossil fuels to satisfy our needs. Conservation is becoming more important as well as
alternative sources of energy. The Stirling engine is one of the possibilities for weaning
ourselves off fossil fuels, given that it can use any source of heat to run, including
biomass and solar. It is becoming clear that interest in this type of engine isn’t going to
go away. In fact, there is growing interest. One only has to look at
http://www.stirlingenergy.com and http://www.stirlingbiopower.com to see that there are
already some major strides being made. Appendix F shows pictures of Stirling engines
used in solar power applications, manufactured by Stirling Energy Systems (SES).

Currently, there are many researchers, designers and enthusiasts who aspire to build
Stirling engines. A search on Google will result in many “hits” showing the level of
interest out there.


http://www.stirlingenergy.com/
http://www.stirlingbiopower.com/

So What Is The Purpose of this Stirling Engine Program?

The purpose of this program and manual is to help the enthusiast, designer or inventor
design a working Stirling engine without getting bogged down by the mathematics and
thermodynamics.

Stirling engine design and optimization is not a trivial matter. At its core, it’s an area that
requires an understanding of thermodynamics, fluid mechanics, heat transfer, and
material science. This takes time and effort to become familiar with and is surely the
reason that most people get discouraged. From this point of view it would then seem that
Stirling engine design is more involved than ICE design, even though it requires none of
the complex mechanisms such as valves and timing mechanisms. But in reality it’s just a
different kind of engine.

Nevertheless, people tend not to have an intuitive feel for how to make a Stirling engine.
The problem is that good design (optimization) requires the balancing of several
conflicting variables, and it can be difficult to keep them straight. The solution to this is
often experimentation, which unfortunately can be time and resource intensive. The
alternative is to model the physics of the engine as accurately as possible, and reduce the
trial and error in the construction stage, as a result.

The program | created (in Fortran) is a numerical model of the physics of a Stirling
engine, based on consideration of the thermodynamics, fluid mechanics, and heat transfer
principles involved. This model is simplified only where it’s very difficult to do
otherwise, but has enough detail in it to provide reasonable calculations on engine
performance.

One does not need to directly understand the physics and mathematics involved to use the
program. One only needs to input the design dimensions, and change certain parameters
until optimization is reached. A detailed description of the various parameters and their
physical significance will be given as you read on.

This program and manual is the result of a year and a half of learning about Stirling
engines; both from reading lots of information found online, such as research papers, and
from my own design efforts.

Admittedly, even though | have a background in mechanical engineering | have found it
challenging to make sense of a lot of what | read. One reason for this is because | believe
that the richness in information available is somewhat diminished by less than clear or
contradictory explanations. One of the reasons for this, as | see it, is that Stirling engine
theory (given its inherent physical complexity) is many times reduced to simplifications,
which are incomplete. So it is unavoidable that various incomplete theories will not mesh
well together, and this will tend to create confusion. To address this I personally feel that
the top-down approach works best. It is much better to make an effort to understand the
entire system first, and then figure out which approximations to use and why. Doing this



also lets you better understand where the incomplete solutions are coming from and in
what context they apply.

Another reason why technical explanations found in the literature (and online sources)
are so often difficult to understand is because they are written by people who seem more
interested in communicating what they know in a manner most accessible to those who
are already familiar with the subject. For various reasons, they are either discouraged or
are oblivious towards expressing the information in a clear manner understandable to
those who are not familiar with the subject. With this in mind there are a lot of papers out
there that are essentially transcripts of the “internal dialogue” of authors intimately
familiar with different subjects. The unfortunate result is a lot of quality information that
is obscured with technical jargon and arcane language, making it difficult for outsiders to
grasp. This can create the wrong impression (on both sides) that it’s “too hard” and not
worth the effort unless you’re part of an elite group. As a result, the flow of knowledge is
restricted. This is true of most presentations of scientific knowledge, covering a wide
range of topics (not just Stirling engines).

So | created this program and manual in order to help bridge this gap and help a novice
make sense of Stirling engines and their design, using straightforward language and clear
explanations. Clarity was the only criterion | followed when writing this program and
manual. | did not try to adhere to a particular format or style just for the sake of doing so.
In academic circles this would no doubt cause a stir. But who cares. As long as you can
understand it, is all that matters.

My intent was to put together a resource that is accessible to someone who wants a
laypersons understanding, and which (hopefully) will not be a struggle to understand if
they are not part of a certain “culture”. That said, this is a laypersons guide, but it will
still take some effort for you to understand given the nature of the subject. But you won’t
be turned off by obscure and overly technical language.

In large part, this manual is based on the references given above. During my searches |

found these references to be particularly useful and informative. They will be cited
throughout this manual.

Stirling Engine Basics — What is a Stirling Engine?

A Stirling engine is a heat engine that works on the basis of an external applied
temperature difference. By maintaining a hot and cold temperature difference the engine
is able to run and produce mechanical power. It is different from the Internal Combustion
Engine (ICE) in that it is a closed cycle; that is, the working gas is enclosed (sealed)
inside the engine. This is in contrast to the ICE in which the working gas (air) is drawn in
from the environment, combusted with fuel, and expelled as exhaust. In such an engine
valves and timing mechanisms are necessary. But in a Stirling engine, no such
components are required. In addition, the Stirling engine is not restricted to the type of
fuel used. It is indifferent to the source of heat, which opens up many possibilities,



including non-polluting solar energy, or the burning of biomass (wood, husks, ethanol,
etc), which are carbon-neutral. Carbon-neutral means they absorb as much carbon
dioxide (during their growth - due to photosynthesis) as they emit when burned. This is
unlike fossil fuels, which add a net amount of carbon dioxide to the atmosphere when
burned.

The basic principle of the Stirling engine is this. The engine is filled (under pressure),
with a gas such as air, helium, or hydrogen. This is called the “working gas”. Inside the
engine the gas is heated. This increases its pressure and moves pistons as a result. The gas
is then cooled, lowering its pressure. It is then heated again, and the cycle repeats. In a
real engine this typically happens very fast, on the same order of speed as an ICE. The
working gas is shuttled back and forth very quickly inside the engine, between the hot
and cold ends, continuously gaining and losing heat and producing power as a result.

The working gas inside the engine is heated with a heater, and cooled with a cooler.

The heater and cooler are typically compact heat exchangers consisting of narrow tubes
(or passageways) in which the working gas flows. It is through these passageways that
the working gas either gains heat (becoming hotter), or loses heat (becoming cooler).

The outside surface of the heater is exposed to a source of high temperature, such as the
flame of a burner, or concentrated solar energy. The outside surface of the cooler is
exposed to a source of cold temperature such as ambient air, or water.

In between the heater and cooler is a regenerator. A regenerator increases the efficiency
of a Stirling engine by lowering the heat input requirement of the heater and the heat
removal requirement of the cooler. It is not necessary to have a regenerator for the engine
to run but in the interest of cost-reduction, especially where the cost of heater fuel is
concerned, it is wise to have one.

The way the regenerator works is by storing some of the heat energy of the working gas
as it moves from the heater to the cooler, thereby reducing the cooling demand on the
cooler. And on the return path, as the working gas moves from the cooler to the heater, it
“gains” back some of that heat energy, thereby reducing the heating requirement of the
heater. A regenerator basically pre-heats the working gas before it enters the heater, and
pre-cools the working gas before it enters the cooler.

The regenerator is usually made of an intricate matrix material, made of stacked metal
screens or metal felt, woven from fine wire. This provides the large surface area
necessary for efficient heat exchange with the working gas.

In general, when designing Stirling engines for high power and efficiency there are
several main factors, which must be addressed:

(1) Keep dead volume to a minimum. Dead volume decreases engine power. Dead
volume is the volume that is “unswept” by the motions of the pistons. This is the volume



contained in the heater, cooler, regenerator, and all the clearance spaces. This volume is
constant at all times.

(2) Design the heater to maximize heating of the working gas, i.e. once the gas exits the
heater its temperature must be as close as possible to that of the heater walls. This can be
accomplished by using narrow and long tubes/passageways for the gas to flow through.

(3) Design the cooler to maximize cooling of the working gas, i.e. once the gas exits the
cooler its temperature must be as close as possible to that of the cooler walls. This can be
accomplished by using narrow and long tubes/passageways for the gas to flow through.

(4) Design the regenerator to maximize heat exchange with the working gas. This can be
accomplished by using a sufficiently dense matrix material with large surface area.

(5) Keep pumping losses to a minimum. Pumping losses are the friction (flow) losses
caused by the working gas as it “pushes” through the narrow tubes/passageways of the
heater and cooler, and the regenerator matrix. Minimizing these losses can be
accomplished by using a large number of tubes/passageways in the heater and cooler, and
a regenerator with a large volume.

Now, points (2) - (5) can all be satisfied at the same time. However, satisfying these
points is in direct conflict with point number (1). If one wishes to keep dead volume as
small as possible they will have difficulty designing a good heater, cooler, and
regenerator while keeping pumping losses low.

The solution is to compromise somewhat on all five points in order to achieve the best

design possible. The challenge is to find the optimal balance resulting in the best engine
design. This is what the program does.

The Three Stirling Engine Configurations

There are three standard configurations for Stirling engines. They are: ‘alpha’, ‘beta’, and
‘gamma’ engines.

Alpha Engine

The figure below shows a standard alpha engine.
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The working gas inside the engine is repeatedly “shuttled” back and forth between the
expansion and compression space, due to the up-and-down motion of the two pistons.
This repeatedly forces the working gas back and forth through the heater, regenerator and
cooler. As a result, the gas is repeatedly heated and cooled, and power is produced.

Alpha engines are the simplest to understand, and are the easiest to construct. It’s also
easy to minimize the dead (clearance) volume in the expansion and compression spaces.
But one of their main disadvantages is that they can require temperature resistant seals for
the piston exposed to high temperature (shown on the right). The seals for the other
piston (on the left) don’t have to be temperature resistant because it is constantly exposed
to cool temperatures, due to its physical proximity to the compression space.

Beta Engine

The figure below shows a standard beta engine.
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Beta engines are compact in size. They use a power piston and displacer, which are in
line with each other. Unlike an alpha engine that uses two pistons, the beta engine uses
one power piston and displacer. The purpose of the power piston is to generate power,
while the purpose of the displacer is to move the working gas back and forth through the
heater, regenerator, and cooler. As a result, the pushing force experienced by the
displacer is very little compared to that of the power piston.

The power piston, displacer, and displacer rod are sealed around their gaps to prevent the
leakage of working gas. The seal for the displacer is placed on the end closest to the
compression space, in order to avoid direct contact with the hot working gas (in the
expansion space). As a result, this seal does not need to be temperature resistant. The
seals for the displacer rod and power piston do not need to be temperature resistant either
since they are constantly exposed to cool engine temperatures. This is due to their
physical proximity to the compression space.

A disadvantage of the beta engine is that it can be difficult to minimize the dead
(clearance) volume in the expansion and compression space, given that there must be
enough clearance to allow the working gas to “feed in” unobstructed from the heater and
cooler.

Gamma Engine

The figure below shows a standard gamma engine.
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Gamma engines are the same as beta engines, except that the power piston is “shifted”
down. This can make it easier to construct the mechanical drive and linkages since the
power piston and displacer are a certain distance apart (instead of aligned with each
other). For this reason, the gamma configuration is often the preferred choice by Stirling
engine enthusiasts.

A disadvantage of the gamma engine is that it unavoidably introduces dead volume in the
compression space due to the physical separation of the displacer and power piston.

Outline

As mentioned, this program and manual is intended to help you optimize your Stirling
engine design and reduce trial and error in the building stage. However, this is not a
design manual in the sense that it does not tell you how to join metals, what type of
materials to use and their dimensions, or how to manufacture the different parts. A basic
explanation of some of these things will be given, but for the most part the information
presented will mostly serve to help you decide what the “best” design is. For example,
you will find out how much power and efficiency you can roughly expect from your
design. You will find out the speed at which maximum power occurs. You will find out
how big and heavy to make the flywheel in order to ensure “smooth” engine operation.

Furthermore, the program will allow you to optimize your design so that you get the
highest power possible. In particular, this program will allow you to determine the
approximate size of regenerator, and the number of heater and cooler tubes/passageways
necessary for maximum power. This optimization will be based on the swept volumes
and other design parameters that you input into the program. This will all be described in
full detail in the following sections.

The first sections of this manual describe how to use the program, and also provide useful
insight into Stirling engines and their design. These sections will be marked as must-read.

The later sections will explain more of the theory used in the model. They will outline the
mathematics and physics of the program. Some background in fluid mechanics and
thermodynamics will be necessary to make sense of it. However, it is not necessary to
fully understand or even read these sections in order to use the program. These sections
will be marked as optional, meaning you don’t have to read them.

Note that the program only applies to dual-piston alpha engines or single
piston/single displacer beta and gamma engines (as will be shown below). No
provision is made in the program to account for multi-piston and multi-cylinder
engine configurations.

In addition, this program only applies to “kinematic” engines, where the piston and
displacer motions are prescribed; meaning they are connected to linkages and
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crankshaft. There are other types of Stirling engines known as Free-piston engines,

which do not require linkages and crankshaft. The program does not model these.

The Program Input (must-read)

All of the input required for the program to run is entered in a single input file, called

‘input’. A sample of this input file is shown below (in smaller text):

Swept volume in expansion space (cm”3)
87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”3)
5.0

Minimum volume in compression space (cm”3)

5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)
72.0

Flow cross-sectional area of each heater tube (cm”2)

0.04

Flow cross-sectional area of each cooler tube (cm”2)

0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

50

Number of tubes in cooler

50

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

287.0

Cp of working gas (J/(kg.K))

1007.0

Cv of working gas (J/(kg.K))

720.0

Viscosity (N.s/m”2)

0.00003

Regenerator constant eps1 (dimensionless)
0.0
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Regenerator constant eps2 (dimensionless)

0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

As you can see, different lines of text describe the input, and the input numbers are
located directly below these lines of text. You simply change the numbers (do not alter
the lines of text) to match your desired input. You then save the file, and run the program.

The input file can be opened with the Notepad editor. To do this, click the file with your
right mouse button. Click on “Open”, click on Notepad, and then click OK to open the
file. Make sure “Word Wrap” (in the Format menu) is not selected.

To save the file (after making changes), click on “File” at the top left of the menu, and
then click “Save”.

Make sure you only edit and save the file in the Notepad editor. There is no guarantee
that the program will run error-free if you use an editor such as WordPad, or Microsoft
Word. Also, make sure you don’t have an extension at the end of the filename, such as
“.txt”. Simply leave the name as ‘input’ (not ‘input.txt’), otherwise it won’t run.

If you accidentally erase a line in the input file, or alter the positioning of anything such
as a line of text, or a number, you may copy and paste the above sample input file into
Notepad, and then save it as-is. This way if you accidentally corrupt your input file, it can
easily be replaced. If viewing this manual with Adobe Reader, you can copy the input file
as follows: First, click on “Tools” at the top menu, then click “Basic”, then click
“Select”. This will allow you to highlight the text you want. In your case highlight the
sample input file by holding down the left mouse button and then “drag” over the file
until it is all selected. Then press Ctrl-C (hold down Ctrl and press C). This copies the
text. Next, go to a blank Notepad editor and press Ctrl-V (hold down Ctrl and press V).
This will “paste” the input file into Notepad. You can now save the file as ‘input’. When
you save the file the first time it will unavoidably be saved as ‘input.txt’. You have to
remove the “.txt” at the end. This can be done manually (after saving) using the Rename
function. To use the Rename function click the file with your right mouse button and then
click “Rename”. This will allow you to rename the file. But in your case all you will do is
delete “.txt” at the end.

In addition:

e Make sure there are no blank lines above the first line, which is: “Swept volume
in expansion space (cm”3)”.

e The positioning of the lines of text and the numbers in the input file must be

preserved; otherwise you run the risk of the program not running properly. That
said it’s always a good idea to make a backup of the original input file, just in
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case. This way you don’t have to bother with copying and pasting the sample
input file into Notepad (as shown above), if anything goes wrong.

e Only use integers (e.g. 45, 68) for the number of tubes. For all other values
express as decimal (e.g. 140.0, not 140; 0.0, not 0).

For this next part I’'m going to go through the various lines of the input file and explain
what they all mean. To make it easier to read I’'m going to make the lines of the input file
bold and with larger font. And underneath I'm going to explain what they mean.

Input File Parameters and What They Mean (must-read)

First group of input file parameters:

Swept volume in expansion space (cm”3)
gﬁpt volume in compression space (cm”3)
EIi/IYilgimum volume in expansion space (cm”3)
|5\)I?nimum volume in compression space (cm”3)
I53.r?ase angle (degrees)

90.0

(Note: cm”3 means “cubic centimeters”)

First, it is necessary to show what the expansion and compression space is (and introduce
some additional variables as well). 1 will show this for the three types of Stirling engine
configurations: ‘Alpha’, ‘Beta’, and ‘Gamma’. These configurations are shown in the
figures below.

For all three configurations the heater feeds into the expansion space, and the cooler
feeds into the compression space.
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STIRLING ENGINE WITH ‘ALPHA’ CONFIGURATION

COMPRESSION EXPANSION
SPACE - V, I I SPACE - V,

COOILER ‘ HElTER

REGENERATOR
Where:
A = the area of the expansion space piston (this is the cross-sectional area of the face)
A, = the area of the compression space piston (this is the cross-sectional area of the face)
Xe = the stroke length of the expansion space piston
X, = the stroke length of the compression space piston

V. = the volume in the expansion space

V. = the volume in the compression space

STIRLING ENGINE WITH ‘BETA’ CONFIGURATION

COMPRESSION EXPANSION
SPACE -V, SPACE -V,

POWER
PISTON

COOLER HEATER
REGENERATOR

T I T
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Where:
Aye = the area of the displacer on the expansion space side

Ay = the area of the displacer on the compression space side. Note that this area is Age
minus the area of the displacer rod.

A, = the area of the power piston

Xq = the stroke length of the displacer

X, = the stroke length of the power piston
V. = the volume in the expansion space

V. = the volume in the compression space

STIRLING ENGINE WITH ‘GAMMA’ CONFIGURATION

EXPANSION
SPACE - V,
X4
e
COMPRESSION Ade
SPACE - V, f

o T
POWER A
PISTON p [ COOLER HEATER
REGENERATOR
—>
Xp

Where:

Age = the area of the displacer on the expansion space side
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4c = the area of the displacer on the compression space side. Note that this area is Age
minus the area of the displacer rod.

A, = the area of the power piston

Xq = the stroke length of the displacer

X, = the stroke length of the power piston

V., = the volume in the expansion space

V. = the volume in the compression space

Note that the above variables are exactly the same as for a beta engine.

Notice that a gamma engine is simply a beta engine with the power piston “shifted”

down. This results in a simpler construction for the drive mechanism given that the
displacer and power piston are physically offset from each other.

For a beta engine the power piston is usually the same diameter as the displacer, and they
are both inside the same cylinder. In the figure above the power piston and displacer are
of different diameter, and are in two separate cylinders. This was drawn just to show the
general case.

Next, I will illustrate the concept of “swept” and “unswept” volume. This will be shown
for the three engine configurations, in the figures below.

STIRLING ENGINE WITH ‘ALPHA’ CONFIGURATION

PURPLE REGION REPRESENTS SWEPT
VOLUME IN COMPRESSION AND
EXPANSION SPACES

g

GREY REGION REPRESENTS

DEAD/UNSWEPT VOLUME IN

COMPRESSION AND EXPANSION

SPACES 18




STIRLING ENGINE WITH ‘BETA’ CONFIGURATION

POWER
PISTON

DISPLACER

STIRLING ENGINE WITH ‘GAMMA’ CONFIGURATION

DISPLACER

POWER
PISTON

As you can see, the swept (purple) regions in the expansion and compression space are
the volumes that are “swept” by the motion of the pistons and displacers. And the
dead/unswept (grey) regions in the expansion and compression space are the volumes that
remain “untouched”, or “dead”. These regions are “untouched” by the displacer and the
power piston, during their motion.

For example, in an alpha engine, if the expansion space piston diameter is 10 cm and the
stroke length is 8 cm, the swept volume is:
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V

swept

Zlo «8 = 628.3cm®

The ratio between piston diameter and stroke length is typically 1:1 to 2:1. But the exact
ratio used will depend on the details of your design. However, the thermodynamics of the
model is indifferent to this ratio. But in your design this ratio may become important for
practical reasons.

For the three engine configurations the instantaneous volume (at each point in time) in
the expansion and compression space can easily be calculated. In this program a
sinusoidal variation for volume is assumed. This is not necessarily the case, but it is a
good approximation that helps to simplify the calculations.

The mathematical expressions for volume variation are given below. It is not necessary to

know them but they do help you to understand the values that go into the input file. To
make sense of these expressions, it’s helpful to refer to the figures above.

Alpha Engine

In the expansion space the volume is:

V, =V 1V

min e 2 swept,e

'szept,e ) Sin(g + IB)

N |-

In the compression space the volume is:

[EEY
[HEY

V.=V . +=-V +=-V -sin(6)

c mingc swept,c swept,c
2 P 2 P
where
swepte A\ex
and

swept C Ab X
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A = the area of the expansion space piston

A, = the area of the compression space piston

Xe = the stroke length of the expansion space piston
X, = the stroke length of the compression space piston

Vswepte = the swept volume in the expansion space (this is shown as the purple region in
the expansion space). This value goes into the input file.

Vsweptc = the swept volume in the compression space (this is shown as the purple region
in the compression space). This value goes into the input file.

Vmine = the minimum volume in the expansion space. This is also called the clearance
volume. For an alpha engine, this volume is equal to the dead/unswept volume in the
expansion space (this is shown as the grey region in the expansion space). This value
goes into the input file.

Vminc = the minimum volume in the compression space. This is also called the clearance
volume. For an alpha engine, this volume is equal to the dead/unswept volume in the
compression space (this is shown as the grey region in the compression space). This
value goes into the input file.

0 = the crank angle of rotation (this changes with time)

B = the phase angle (a constant) between the expansion and compression space volume.
This value goes into the input file.

Physically speaking, in an alpha engine, the expansion space piston is “ahead” of the
compression space piston by an angle . For example, when the expansion space piston is
at top-dead-position, the compression space piston is “behind” in rotation by an angle f3.

Note that for alpha engines the maximum engine power and thermal efficiency occurs at
B = 90° (this is discussed in more detail later).

There are two main drive mechanisms one can use for alpha engines. They are the Crank
Drive and the Ross Yoke. The details of their design are given in Appendix A and B
(page 120 and 122).

For beta and gamma engines the expression for volume in the expansion space is the
same as for alpha engines. But the expression for volume in the compression space is
more complex because it’s related to the combined motion of the displacer and power
piston. The easiest way to evaluate it is by expressing it mathematically and then
graphing it alongside the expansion space volume. The graph can then be used to visually
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determine the swept volumes, minimum volumes, and phase angle. These can then be
entered directly in the input file. This will be explained next.

Beta and Gamma Engine

In the expansion space the volume is:

Ve :Vmin,e +%Xd Ade _%Xd Ade -Sin(9+0[)

In the compression space the volume is:

1 1

V.=V +XA+X
2 ZdAdc

c dead,c
1X A_-sin(@ 1X in(@
—5 D p’Sln( )+§ dAdC'Sln( +0£)

Where:
Age = the area of the displacer on the expansion space side

Aqc = the area of the displacer on the compression space side. Note that this area is Age
minus the area of the displacer rod.

A, = the area of the power piston

Xq = the stroke length of the displacer

X, = the stroke length of the power piston

Vmine = the minimum volume in the expansion space. For a beta and gamma engine, this
volume is equal to the dead/unswept volume in the expansion space (this is shown as the
grey region in the expansion space).

Veadc = the dead/unswept volume in the compression space (this is shown as the grey

region in the compression space). For a beta and gamma engine, this volume is generally
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not equal to the minimum volume in the compression space (due to the mathematical
nature of the expression for V). The minimum volume in the compression space can be
found by graphing V. (shown below).

o = the phase angle (a constant) between the displacer and the power piston.

Physically speaking, in beta and gamma engines, the displacer is “ahead” of the power
piston by an angle o.

Appendix C (page 125) describes a crank drive mechanism for beta and gamma engines.

For beta and gamma engines, the phase difference o that results in maximum power and
thermal efficiency is the one that produces a phase difference of roughly 90° between the
volumes Ve and V.. This is the same as for alpha engines. This phase difference can be
determined visually from graphing V. and V. (shown below).

The mathematical expressions for V. and V. (given on page 22) can now be inserted into
a spreadsheet like Excel, and plotted graphically.

The graph below shows an example of the volume variations V. and V. as a function of
crank angle 0. In this case I chose cubic-inches as the units for the volume. Obviously,
you can use any units you like.

Expansion space and compression space
volume variation

Swept volume in Phase _Swept volume
Xp. space |(_a”9'e —’l in comp. space
AY
NN <
Volume 20 ™~ —Expansi
pansion
(in) %X/ L\ space
1o = Compression
10 _Minimum volume in exp. - space
|_—"1 and comp. space
5 J
0 T T T . I

0 60 120 180 240 300 360

Crank angle (degrees)
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Note from the figure above that the curve for the expansion space volume is to the left of
the curve for the compression space volume. This might seem counterintuitive given that
the expansion space volume is “ahead” of the compression space volume, but if you think
about it from a graphing perspective, you’ll realize that this is in fact the case.

Observing the figure above we can rewrite the volume variations in the same format as
for an alpha engine:

1

-szept,e +§-V -sin(@ + p)

swept,e

_|_
N |-

[HEN

Vc :Vmin,c + °szept,c +§'szept,c Sln(e)

N |-

Where:

Vswepte = the swept volume in the expansion space (determined from the graph). This
value goes into the input file.

Vsweptc = the swept volume in the compression space (determined from the graph). This
value goes into the input file.

Vmine = the minimum volume in the expansion space (determined from the graph). This
value goes into the input file.

Vmine = the minimum volume in the compression space (determined from the graph).
This value goes into the input file.

B = the phase angle (determined from the graph). This value goes into the input file.

Using this graphical method one can obtain a mathematical expression for volume
variation equivalent to the formulation for an alpha engine. This means that a beta and
gamma engine can be reduced to an equivalent alpha engine.

The swept volumes and phase angle (shown in the graph) can be varied by adjusting the
following values: a, Age, Adc, Ap, Xd, Xp. Ideally you would adjust these values until § =
90°, knowing that this is the optimal phase angle.
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To vary the minimum volume (in the expansion and compression space) one must adjust
the dead/unswept volumes in these spaces (the grey regions shown in the figures).

Once again, note that in the expansion space, Vmine IS equal to the dead/unswept volume.
S0 if Vimine = 0 this means that the dead/unswept volume in the expansion space is zero.

However, in a gamma engine Vnminc = 0 is impossible due to the physical gap between the
displacer and power piston. But for a beta engine it is possible to have Vinc = 0. This is
possible if the swept volume of the displacer overlaps the swept volume of the power
piston. But mathematically speaking, this means that Vgeaqc Must be a negative number.
This may sound confusing, but it means that the individual swept volumes (purple
regions) of the displacer and power piston must overlap. And this overlap volume is
equal to Vgeadc. And the largest possible (negative) value of Vgeaq ¢ is such that Vi = 0.
If it were any larger the displacer and power piston would “collide”.

However, to get maximum power, it is best to keep the minimum volume in the
expansion and compression space as small as possible (for all three engine-
configurations). In particular, for beta and gamma engines this can be achieved by having
the heater tubes feed in through the top of the expansion space. This reduces the
clearance requirement since the working gas isn’t feeding in from the side. For the
compression space, keeping minimum volume small usually means that there must be
some overlapping swept volume between the displacer and power piston (negative
Veadc)- BuUt care must be taken to ensure there is adequate clearance during the part of
the cycle where the working gas is entering the compression space (from the cooler). This
occurs when the displacer is moving towards the expansion space (in other words, the
expansion space is getting smaller).

On a final note, for all three engine-configurations the swept volume in the expansion and
compression space is often the same but it doesn't have to be. In fact, the details of your
design may dictate that they should be different.

Second group of input file parameters:

Regenerator void volume (cm”3)

72.0

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)

0.8
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Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

50

Number of tubes in cooler

50

(Note: cm”3 is “cubic centimeters”, cm”2 is “square centimeters”, and cm is
“centimeters”)

These parameters deal with the specifics of the heater, regenerator and cooler. Let’s first
show a schematic of the heater, regenerator, and cooler assembly, to help illustrate what
they are.

COOLER HEATER

REGENERATOR

Because the Stirling engine runs at high rotational speeds, the working gas oscillates
rapidly back and forth inside the engine. As a result, there must be rapid heating and
cooling of the gas as it moves from one part of the engine to another. This can only be
accomplished by forcing the gas through heated, and cooled narrow tubes or passageways
in order to achieve the high rate of heating and cooling required. However, the penalty
for doing this is a so-called pumping (flow) loss, which results from forcing a gas through
a narrow passage. Pumping losses will be discussed in greater detail later.

Stirling engine illustrations which show heating and cooling taking place at the cylinder
wall of the expansion and compression space are generally not realistic. For engines of
reasonable size and power the rate of heat transfer resulting from this would be far too
small. However, for small model type Stirling engines (as seen on YouTube) one can heat
and cool the walls of the expansion and compression space, and the engines will run at
high speed. In these cases, because the engines are small, the heat transfer surface area is
large compared to the volumes of the expansion and compression space. Therefore, the
heating and cooling of the working gas is sufficiently “quick” to accommodate high
engine speed.
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In between the heater and cooler is a regenerator. A regenerator increases the efficiency
of a Stirling engine. It is not necessary to have one for the engine to run but it does
greatly reduce the energy input requirement of the heater and the energy removal
requirement of the cooler, making the engine run more efficiently. The way the
regenerator works is by storing some of the heat energy of the working gas as it moves
from the heater to the cooler, thereby reducing the cooling demand placed on the cooler.
And on the return path, as the working gas moves from the cooler to the heater, it “gains”
back that heat energy, thereby reducing the heating demand on the heater.

A regenerator is typically made of a dense matrix consisting of stacked metal screens, or
metal felt, woven from fine wires. This provides the high heat transfer capability needed
to “store” and “release” heat.

The “regenerator void volume”, as specified in the input file, is simply the volume of
empty space inside the regenerator housing. This is the space is not “filled” with matrix
material. Therefore, the regenerator void volume is the original empty volume inside the
regenerator housing minus the volume occupied by the matrix material. The specific
value for the regenerator void volume will be discussed in greater detail below, following
the description of the heater and cooler tubes (since they are related).

2 <

The input parameters: “flow cross-sectional area”, “wetted perimeter”, and “flow length”
for each heater and cooler tube are illustrated in the figure below.

) @ Flow cross-sectional area

)(5

Wetted perimeter (the length around the inside -
for a circular tube this is equal to the
circumference around the inside)
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The working gas flows through the inside of the tubes/passageways, gaining or losing
heat depending on whether it’s flowing through the tubes of the heater or cooler.

The “flow cross-sectional area” is simply the flow area on the inside of the tube. For
a circular tube this is the area of a circle.

The “wetted perimeter” is the perimeter on the inside of the tube that is exposed to
the working gas.

The flow length is the total length of the heater and cooler tubes.

The heater and cooler tubes can have different dimensions, depending on the
requirements of your design.

As a rough guideline, the inside diameter of the heater and cooler tubes is around 2-5
mm. Therefore, the flow cross-sectional area is simply the area of a circle given the
inside tube diameter.

Note that in some heater and cooler tubes, the passageways are not circular. They can be
square or rectangular. In this case an effective (hydraulic) inside diameter Dy, can be
calculated:

b, = A
P

W
where A. is the flow cross-sectional area for a tube, and P, is the wetted perimeter.

In this case one would choose values for A. and Py, so that Dy falls within the 2-5 mm
range.

Note that the flow length of the tubes is not necessarily the same as the heated and
cooled lengths. The heated length is the length of tube that is directly exposed to the
hot source. The cooled length is the length of tube that is directly exposed to the cold
source. An example of a hot source is a flame. An example of a cold source is a
coolant, such as water.

However, the flow lengths that must be entered in the input file are the total tube lengths.
The total length is the heated/cooled length plus any extra length at the ends, which
inserts into the regenerator housing or the expansion/compression space cylinders. The
amount of extra length will depend on the specifics of your particular design.

The length of tube that is directly exposed to the hot or cold source must be long enough

to ensure sufficient heat transfer. In other words, the exposed length has to be long
enough such that the working gas reaches a temperature close to that of the heater or
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cooler tube wall temperature (possibly within a few degrees) by the time it exits the
tubes. As it turns out, the required length can be approximated based on the inside
diameter of the tube.

Assuming we have an efficient regenerator providing good heat exchange, the
approximate ratio of exposed tube length to inside tube diameter is 80:1. For example, if
the inside tube diameter is 1.5 mm, the exposed tube length should be about 1.5x80 = 120
mm.

This ratio of 80:1 is based on average ratios taken from the literature, on different Stirling
engine designs. This ratio also matches well with theoretical heat transfer predictions.
Page 71 of the following reference shows the ratios for different engines: “A Survey of
Oscillating Flow in Stirling Engine Heat Exchangers”, T. W. Simon, J. R. Seume,
University of Minnesota, March 1988. The web link is:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19880012938 1988012938.pdf.

This ratio of 80:1 holds well for high and low engine pressures, type of working gas, and
engine speed.

However, if we were not using a regenerator, the tubes would require a much longer
exposed length in order to reach a temperature close to that of the heater and cooler tube
wall. Thus, the required ratio would be much larger than 80:1. This is because there is no
regenerator to pre-heat and pre-cool the working gas before entering the heater and cooler
tubes.

But in the program we are always assuming the use of a regenerator. The reason for this
is simple. It is much more thermally efficient to operate an engine with a regenerator than
without. However, it is possible to have higher engine power without a regenerator. This
will be discussed in more detail later on.

Let’s now calculate the volume of the heater and cooler, based on their exposed lengths.
It is necessary to do this because the regenerator void volume is related to the volume of
the heater and cooler, based on their exposed lengths.

The heated volume of the heater is given by:

Vheater — AheatetheaterN heater

Where:
Aneater = the flow cross-sectional area of each heater tube/passageway

Lheater = the length of each heater tube/passageway exposed to the hot source (this may be
less than the total length).

Nheater = the number of heater tubes/passageways
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The cooled volume of the cooler is given by:

Vcooler — A:oolerLcooler N cooler

Where:
Acooler = the flow cross-sectional area of each cooler tube/passageway

Lcooler = the length of each cooler tube/passageway exposed to the cold source (this may
be less than the total length).

Ncooter = the number of cooler tubes/passageways

Using the 80:1 ratio as an estimate, choose the tube dimensions such that Lpeater/(inside-
tube-diameter of heater tube) = 80, and Lcooier/(inside-tube-diameter of cooler tube) = 80.

Given that the heating and cooling requirements are generally similar (i.e. one must be
balanced by the other), it makes sense to make the heater volume equal to the cooler
volume (based on the exposed lengths). In other words Vyeater ® Veooler. HOWEVET, it iS NOt
necessary that they are exactly equal. Their exact value will depend on the details of your
design.

The easiest way to make the heater and cooler volumes equal is to use equal flow areas,
equal lengths, and an equal number of tubes for both. However, in your design it is
possible that the heater tubes will be different in dimension than the cooler tubes.
Therefore the numbers of tubes will be different in order to make the volumes equal.

The void volume of the regenerator can now be calculated.

The void volume of the regenerator is Simply Vheater + Veooler (USING the expressions
given previously). In other words, the void volume of the regenerator is roughly
twice that of either the heater or cooler (based on their exposed lengths), assuming
they are both roughly the same volume (Vheater & Veooler)-

This value for regenerator void volume, relative to heater and cooler volume, is based on
comparison of different Stirling engine designs in the literature. It was observed on
several designs that the regenerator void volume is equal to the volume of the heater plus
cooler (based on the exposed tube lengths), with a variability of around + 40-50%. And it
was also observed on several designs that the volumes of the heater and cooler are
roughly equal, with a variability of around + 25%.

So this begs the question: Is the best engine design one in which the heater volume equals

the cooler volume, and the regenerator void volume is equal to the combined volume of
the heater and cooler?
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Not necessarily. In fact, there may be very good reasons why an optimal engine design
will have significantly different design criteria than stated above. But the specifics of this
will depend strongly on the details of the engine itself, which would no doubt involve
careful heat transfer and flow loss considerations, as well as experimentation. But it is my
feeling that any difference in design from what | outline here will not result in a
significantly better engine with much higher power and efficiency. So as it stands, unless
you know better, simply stick to the criteria | have given and you should be fine.

As mentioned before, the void volume of the regenerator is based on the total volume of
the regenerator housing, and the volume of the matrix inside. So there needs to be a way
of calculating void volume based on some parameter. The parameter commonly used is
known as “porosity”. By definition, porosity is the fraction of empty volume with respect
to total volume. For example, if the porosity of the regenerator is 80%, and the total
volume inside the housing is 100 cm®, the void volume is 0.80x100 = 80 cm®.

One can also calculate the required volume of the regenerator housing knowing the
porosity of the matrix and the regenerator void volume. For example, if the regenerator
void volume is 75 cm® and the porosity of the matrix is 80%, the required (total) volume
of the regenerator housing is 75/0.80 = 93.75 cm®.

In a typical design the number of heater and cooler tubes can be anywhere from a few
dozen to several hundred.

The main benefit of using a large number of tubes is that it “splits” up the flow and
reduces pumping (flow) losses as a result.

For example, having two tubes would require much more pumping power than having ten
tubes. But the downside of this is that you are adding dead volume to the engine and this
tends to decrease engine power. Consequently, you have two opposing influences on
engine power. Eventually, by increasing the number of tubes (and regenerator void
volume, proportionally), maximum engine power is reached. The main purpose of the
program is to find this point of maximum power.

As mentioned, the actual diameter and length of the tubes in your design will depend on
what you have to work with. For example, it may depend on the size of your heat source.
For a larger heat source area you will probably need longer tubes with a corresponding
larger (inside) diameter, in order to match the 80:1 ratio. And for the cooler, depending
on your cooling medium, you will need a certain length of tube and diameter as well. For
example, if using a cooling medium such as water you can keep the tube length much
shorter than if you are using, say, the surrounding air as the cooling medium. This is
because water is much better at dissipating heat than air, so the “exposed” length can be
much shorter. However, the surrounding air can still be used for cooling, by circulating
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the water through a large radiator (exposed to the air). This cools the water for reuse in
the cooler. This is an example of a good design.

Similarly, to enhance heat transfer you can place fins on the heater and cooler tubes. This
also helps keep the exposed length as short as possible (which reduces dead volume).

Details such as these will depend on your design and on what you have to work with. It is
intended that details such as these will be balanced along with the predictions of the
program.

But keep in mind that the program will always output an answer. It is up to you to
recognize that, in practice, the input must be realistic and fall within reasonable design
guidelines such as ability to machine, produce within budget, material availability, etc.

Third group of input file parameters:

Heater temperature (K)
1000.0

Cooler temperature (K)
293.0

(Note: K is “Kelvin”, which by definition equals: (degrees Celsius) + 273.15)

From the figure below, the heater temperature (T}) is the temperature of the hot source.
The cooler temperature (T;) is the temperature of the cold source.

COOLER HEATER
(atTe) (at Ty)
REGENERATOR

Fourth group of input file parameters:

Average pressure (Pa)
8785750.0

(Note: Pa is “Pascals”)
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This is the desired average pressure inside the engine. This pressure is based on the
absolute pressure inside the engine. Mathematically, it is equal to the average pressure
over a cycle.

Fifth group of input file parameters:

Gas constant (J/(kg.K))
287.0

Cp of working gas (J/(kg.K))
1007.0

Cv of working gas (J/(kg.K))
720.0

Viscosity (N.s/m”2)

0.00003

These are constants based on the properties of the working gas. Note that it is not
important to understand the units (J/kg.K) and (N.s/m”"2).

For convenience | will include the properties of some common gases here, given as
nominal (average) values at lower pressure [2,4]. It is acceptable to use these as a decent
approximation even though pressure inside Stirling engines can be very high (20-30 MPa
(megapascals) for high power engines). But for lower power engines (say 1-2
horsepower), which may operate at an average pressure of 1-2 MPa, these constants may
be a bit more accurate. For all the gases, except Carbon Dioxide, the properties are given
at a temperature of about 350 degrees Celsius, which is the approximate average
temperature in high-power Stirling engines. The properties for Carbon Dioxide are given
at room temperature (25 degrees Celsius), since that is all 1 could find.

Air:

Gas constant = 287 J/kg-K
Cp = 1007 J/kg-K

Cv =720 J/kg-K

Viscosity = 0.00003 N-s/m?

Argon:
Gas constant = 208 J/kg-K
Cp =523 J/kg-K

Cv = 315 J/kg-K
Viscosity = 0.00004 N-s/m?
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Carbon Dioxide:

Gas constant = 189 J/kg-K
Cp =845 J/kg-K

Cv =656 J/kg-K

Viscosity = 0.00002 N-s/m?

Helium:

Gas constant = 2077 J/kg-K
Cp = 5200 J/kg-K
Cv = 3123 J/kg-K
Viscosity = 0.00003 N-s/m?

Hydrogen:

Gas constant = 4120 J/kg-K
Cp = 14310 J/kg-K

Cv =10190 J/kg-K
Viscosity = 0.000015 N-s/m?

Nitrogen:

Gas constant = 296 J/kg-K
Cp = 1038 J/kg-K

Cv = 742 JIkg-K

Viscosity = 0.00003 N-s/m?

Sixth group of input file parameters:

Regenerator constant epsl (dimensionless)
0.0
Regenerator constant eps2 (dimensionless)
0.0

Note: If you don’t know any better you can use a value of 0.0 for epsl and eps2. The
values of epsl and eps2 actually have little, if any, effect on the power output, and
optimization. This means that they won’t affect the optimal number of tubes and
regenerator void volume resulting in maximum power. They almost exclusively affect
just the heating and cooling energy required to produce a given power. However, even
though they don’t affect the “optimal” design it can still be insightful to change them to
see the affect.
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The effectiveness of the regenerator is given by epsl on the heater side, and eps2 on the
cooler side.

Typically, epsl (call this ;) and eps2 (call this &;) are about 0.05-0.10. A graphical
representation of €; and ¢, is given below.

Heater 1 Regenerator 2 Cooler

Th I 81

e

Assume linear temperature distribution

€1 and g are convenient numbers used to account for non-ideal regenerator behaviour; in
other words, “real” behaviour.

Looking at point 1 (from the figure above), the regenerator temperature is:
Treg = (1-€1)Th

Similarly, looking at point 2 the regenerator temperature is:

Treg = (1+e2) T

The temperatures Ty, Tc and Treg are in Kelvin.

As it turns out, small changes to €; and &, can result in large changes in heating and
cooling requirements. However, only g; is normally relevant in terms of cost, since the
energy input is only with regards to the heater, which can use either a combustible fuel,
or concentrated solar energy. The value g, is normally less relevant since cooling is
basically “free” given that we can use a radiator for cooling to the atmosphere. However,
a low g; value can still help minimize the size of the radiator and reduce cost on that end.
This points towards the great importance of the regenerator for achieving high thermal
efficiency (lower fuel cost) and minimizing the size and bulk of the cooling system.

In a nutshell, the penalty for non-zero values of €; and &, is more fuel for the heater and a
bulkier cooling system.
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For an ideal regenerator with 100% thermal efficiency, use &; = &, = 0. Looking at the
graph, this means that the temperature of the regenerator matrix varies linearly from Ty, at
the heater end, to T. at the cooler end.

Non-zero values of g and &, are mainly the result of regenerator heat loss to the
environment and axial conduction of heat along the regenerator matrix (in the flow
direction).

(Note that my definition of €; and ¢, is opposite to the convention commonly found
elsewhere; where an ideal regenerator is represented by &; = g, = 1).

Last input file parameter:

Scale factor to get the average pressure you want at the engine speed
you want (default = 1.0)
1.0

This is a scale factor you enter after you have run the program once and looked at the
(actual) average engine pressure in the results. As it turns out, the average pressure in the
results is normally a bit different than the average pressure specified by the user in the
input file. The scale factor is used to correct for this difference.

This discrepancy in average pressures is due to the difficulty in accurately calculating the
mass of working gas in the engine so that the average engine pressure exactly equals
what the user enters. The method used to estimate the mass of working gas is based on
the Schmidt Analysis (not discussed here), which is a good approximation but does not
result in an average pressure that is exactly equal to the specified average pressure. One
way to deal with this discrepancy is to adjust the mass inside the program loop until the
actual average pressure equals the specified average pressure. However, the problem with
doing this is that the average pressure changes with different engine speeds. So, for which
speed do you correct for the pressure difference? Only the user can answer this question.

This means that you (the user) must look at the results, and decide what engine speed best
matches the result you are looking for. Your decision could be based on the speed at
which there is maximum power, or whatever other criteria. Once you’ve decided, the next
step is to match the average pressure at the speed you want with the average pressure in
the input file. To do this, you have to manually calculate the scale factor. Fortunately, this
is really easy to do.

For example, let’s say you decide that an engine speed of 22 Hz is optimal. The actual
average pressure at this speed is 8545000 Pa (from the output file). And the desired
average pressure (from the input file) is 8900000 Pa. The scale factor is then:
8900000/8545000 = 1.0415. Enter this value in the input file, save it, and then run the
program again. After the program has run look at the results again. You will see that at 22

36



Hz (or a frequency close to it) the new average pressure will be very close to 8900000 Pa.
It won’t exactly match but it will be close enough.

Note that you can also use a scale factor that best matches the average pressures over a
range of engine speeds. However, this works best if, within that range, the average
pressures are close to each other.

Now, as an alternative to using the scale factor, some may think that it’s better to enter an
average pressure higher than the one you want, in the input file, knowing that the
program results in an average pressure that’s lower. Don’t do this. The average pressure
in the input file is used to calculate constants in the equations, so it must match the
pressure you want. Otherwise you risk introducing excess error in the program
calculations. If you don’t fully understand this don’t worry about it. Just keep in mind
that correcting for the discrepancy between the average pressure in the input file and the
results must only be done using the scale factor.

And lastly, when running the program for a new engine configuration, set the scale factor

back to 1.0. Then, to correct for the discrepancy between average pressures, change the
scale factor to the appropriate value (using the method explained above).

Using The Program (must-read)

The program file, called ‘stirlingpro.exe’ is easy to use. It is stand-alone and does not
require any extra installations or change of settings on your computer to run. You simply
put the program file into a directory of your choice, along with the input file, and then run
it from the command line. For example, let’s say the program and input file are located in
a directory called ‘MyStirling’, and you want to run it from there. These are the steps:

(1) Go to the Windows Start menu. Select Programs, followed by Accessories, followed
by Command Prompt. This will open the command prompt window.

(2) In the command prompt window set the directory to the ‘MyStirling’ directory (if you
aren’t already there). For example, if the directory is located at d:\John\MyStirling, then
the first thing you do is type ‘d:” at the command prompt (don’t include the quotes). This
will take you to the d: directory. Then at the prompt type: ‘cd John\MyStirling’. This will
take you to the right directory.

(3) Next, you run the program. To do this, type the following at the prompt:
‘stirlingpro.exe’, and the program will run. If you want to change the input parameters
then edit the input file in Notepad and save it. Then run the program again. The new
results will correspond to the new input parameters.

Alternatively, to run the program you can right-click 'stirlingpro.exe’ and select Open.

When the program runs it creates an output file called ‘results’. This file contains the
simulation results. These results can be plotted in a spreadsheet like Excel.
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If (for whatever reason) the program “hangs” meaning it doesn’t finish running, type
Ctrl-C (hold down Ctrl and press C). This will terminate the run.

Method of Solution (must-read)

Using the program is straightforward. You specify everything in the input file according
to the details of your design, and then run the program. The results are calculated and
output in a file called ‘results’. This file is created by the program.

The program can be used to optimize your design; meaning you can determine the
optimal design that results in maximum engine power. The way to do this is to vary the
number of tubes (in the heater and cooler) and regenerator void volume, in the input file,
until maximum power is reached. Everything else in the input file is kept as constant.

To optimize your design for maximum power follow these steps:
(1) Set the number of heater tubes to a low value, such as 10 or so.
(2) Set the number of cooler tubes to a low value, such as 10 or so.

(3) Set the void volume of the regenerator equal t0 Vheater + Veooler (described previously
on page 29-30).

(4) Set the scale factor to 1.0.

(5) Set all the other input parameters to the values of your choice. Save the input file, and
run the program.

(6) Open the output file called ‘results’ (using Notepad or WordPad). Scroll down to the
bottom. You will notice a chunk of data in which the power, thermal efficiency, torque,
and average engine pressure are given at different frequencies (speeds). Make a note of
the frequency at which maximum power occurs. At this frequency, make a note of the
average engine pressure. Call this pressure P1. Calculate the following scale factor:
(desired average pressure, from the input file)/P1. Enter this scale factor into the input file
(leave everything else the same). Save the input file. Close the ‘results’ file.

(7) Run the program again.

(8) Once again, open the ‘results’ file. Look at the frequency at which maximum power
occurs. The average pressure corresponding to this frequency should be very close to the
desired average pressure in the input file. At this frequency, write down the maximum
power, thermal efficiency, and average pressure for future reference. We are now ready
to try the next configuration.

(9) In the input file set the scale factor back to 1.0.

38



(10) Increase the number of heater tubes by an increment of 10, or so.

(11) Increase the number of cooler tubes by an increment of 10, or so.

(12) Set the void volume of the regenerator so that it equals the new Veater + Veooler-
(13) Save the input file. Close the ‘results’ file.

(14) Run the program again.

(15) Repeat steps (6) — (14) until the maximum power from step (8) starts to decrease.
Once this happens you are done. You have gone past the point of maximum power, and
the (optimal) configuration for maximum power is based on the previous run. In other
words, the number of tubes, and regenerator void volume from the previous run will
(approximately) be your optimal design values. These are what you will use for your
design. If you want further clarity on this, Appendix G shows a specific example of the
optimization procedure. It may be easier to follow that.

Note that thermal efficiency at maximum power stays roughly constant as you increase
the number of tubes and regenerator void volume. So you don’t have to worry about
optimizing thermal efficiency. This is explained in more detail later on.

In general, for each configuration you are running the program twice. The second run is
to “match” up the average pressure (at the point of maximum power) with the average
(desired) pressure specified in the input file.

Once you determine the optimal configuration you can now proceed to build the engine,
keeping it as close as possible to the (optimized) design values. If there are any small
changes during the building stage, you can see the effect of these changes by running the
program again, using your “actual” design values as input.

The program takes less than a minute to run each time. So you’ll get your results quickly.

You may actually decide to use a smaller increment than 10 when increasing the number
of tubes, especially when you know you’re getting close to the maximum power.

You might be wondering why I didn’t automate the optimization process so that you
wouldn’t have to do it manually each time. I didn’t automate it because there may be
different ways of adjusting heater, cooler, and regenerator void volume. For example, you
might want to use different numbers of tubes for the heater and cooler. Or you might not
want to make the regenerator void volume exactly equal to the volume of the heater plus
cooler (based on their exposed lengths). It is not worth trying to accommodate all the
different possibilities.

As a hint, try to keep the engine design as modular as possible, meaning that you can
change and replace parts easily, as you work towards the best design. Afterwards, you
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can choose to make a “permanent” engine that is less modular, once you are satisfied that
you have made the best engine you can.

This next part is optional:

Prior to going through steps (1) - (15), it can be useful to first estimate the basic power
your engine will produce given a certain swept volume and average pressure. Using the
Beale formula (ref: http://en.wikipedia.org/wiki/Beale _number) one can roughly estimate
the engine power given a certain swept volume and average engine pressure:

W =B PVf

Where:

W is the estimated power output (Watts)

Bn is the Beale number, which is usually in the range 0.11 - 0.15

P is the average engine pressure (Pa) over one cycle

V is the swept volume of the expansion space (m°)

f is the engine speed (Hz). A practical range of speed is, say, 10-30 Hz

The Beale formula is based on data observed from many different engines. In most
instances these engines operate with a heater temperature of 650 degrees Celsius and a
cooler temperature of 65 degrees Celsius (ref: “Stirling Engine Design Manual”, W. R.

Martini, Second Edition. Page 99. The web link is:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.qgov/19830022057 1983022057.pdf).

From the Beale formula, one can estimate the power output given a certain swept volume
and average engine pressure. However, since the Beale formula is a straight line when
plotted against frequency, it is inadequate for higher engine speeds. Its main drawback is
that it doesn’t account for pumping losses, which become significant at higher engine
speeds. In any case, it gives a good first estimate for power, based on only two design
criteria. Simply adjust the swept volume and average pressure until you get the power
you want, and then move on to steps (1) — (15). This allows you to set the basic power
you want, and from there optimize the design.
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A Closer Look at the Heater and Cooler (must-read)

The following details are given in point form:

You need a large number of tubes in the heater and cooler otherwise the engine
won't start, or it will run at a low speed (due to high pumping losses). If your
engine is running at a low speed, maybe a few hundred rpm, consider adding
more heater and cooler tubes to speed it up, and increase power.

The ratio 80:1 (ratio of exposed tube length to inside tube diameter) works well
for all gases, according to my heat transfer calculations. But if you want to
optimize for individual gases a closer look is necessary, since the ideal ratio may
be a bit different depending on if you are using, say, air or hydrogen as the
working gas. You will probably have to get your hands on some detailed
empirical data in the literature, or do some experiments yourself in order to
optimize the ratio, depending on the working gas you are using. However, if you
are not using a regenerator, the ratio becomes much more dependent on the type
of working gas used. For example, the absence of a regenerator would require a
ratio of approximately 250:1 for hydrogen, and 325:1 for air. Hydrogen heats up
faster than air so it requires less tube length.

When using a regenerator, with an 80:1 ratio for the heater and cooler tubes, there
is relatively little difference in the tube exit temperature for different gases. This
is because the gas entry temperature is close to that of the heater and cooler walls
(due to the pre-heating and pre-cooling of the gas by the regenerator). For
example, with a regenerator, hydrogen may exit the heater tube at 650 degrees
Celsius while air may exit at 630 degrees Celsius. But if there were no
regenerator, the hydrogen may exit at 550 degrees Celsius while the air may exit
at 480 degrees Celsius. The difference is much greater.

You can do a sensitivity analysis on the ratio. For instance, change the ratio by a
certain amount to see the effect on engine power and efficiency. For example, if
you know that a ratio of 70:1 works better than 80:1, then use that for the program
input and see what the effect is.

The heater tubes/passageways are generally made of stainless steel because of its
resistance to oxidation when exposed to high heat. The cooler tubes, which are
usually cooled by water, can be made of aluminum since it won’t rust.

The heater and cooler tubes are usually thin-walled to allow heat to easily pass
through.

In general, the heater and cooler tubes must be as closely spaced together as
possible (since there is usually a large number of them), but must also have
adequate spacing between them to allow room for circulation. This is necessary
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because the cooling medium (e.g. water) and heat from the heater must reach all
the tubes, without being “blocked” by neighboring tubes.

It is helpful to machine a small radius at the entrance of each tube/passageway in
order to minimize “entrance losses” (which are a form of flow loss due to the gas
rapidly changing direction as it flows into the tube/passageway). The figures
below illustrate this.

:: _Ciood \ Bad
— ﬁ /T

There are also “exit losses” which occur as the gas exits the tubes/passageways
and rapidly slows down. These types of flow losses cannot be reduced using a
small radius at the tube exit. Exit losses will always have the same magnitude,
regardless if there’s a radius or sharp corner at the exit.

Note that the inner (flow) surface of each tube/passageway is assumed "smooth"
in the mathematics of the model. This also minimizes flow losses. During the
fabrication process the inner surfaces will generally be made smooth anyway.

A Closer Look at the Regenerator (must-read)

The following details are given in point form:

The regenerator matrix material is usually stainless steel because of its oxidation
resistance when exposed to high heat.

Stainless steel wool is also an inexpensive regenerator material used by numerous
Stirling engine enthusiasts.

Metal screens are commonly used as matrix material. They are stacked in the
(axial) flow direction, which works very well in limiting axial heat conduction,
since heat is forced to travel between the screens. This helps to reduce losses in
regenerator efficiency. Note that axial heat conduction in the regenerator is one of
the loss mechanisms that result in non-zero values of ¢; and &;. In the literature,
such losses are commonly referred to as “thermodynamic irreversibilities”.

To further reduce axial heat conduction in the regenerator, it is desirable to use a

matrix material with low thermal conductivity. Stainless steel is suitable in this
regard.
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Thermal losses in the regenerator can also be reduced, by insulating the outside of
the regenerator housing. This helps minimize heat loss to the environment.

Two examples of good matrix material are: “400 mesh” which stands for “400
wires per inch”; and “Metex” formed from knitted steel wire. Both are made of
stainless steel.

In the model used, the regenerator pumping (flow) losses are assumed to be 80%
of the total pumping losses caused by the flow of working gas through the heater,
regenerator, and cooler. This is a reasonable estimate based on what | read in the
literature [3]. This estimate generally corresponds to a matrix porosity of 65-80%,
which is the porosity you should have in your regenerator (for best performance).
The flow loss in the regenerator is always much higher than the flow loss in the
heater and cooler tubes/passageways, simply because the working gas has to
travel a more “difficult” path when flowing through it.

As it turns out, the “optimal” engine design is not sensitive to the (assumed)
percentage of pressure drop across the regenerator. So if 70% or 90% were used
instead of 80%, the optimal design would not change. This is explained in greater
detail later on, in the Sensitivity Analysis section.

The purpose of the regenerator is to raise the thermal efficiency of the engine, and
an effective regenerator (the design goal) will always contribute the most to
pressure drop. Using this (constant) percentage of 80% for all designs is much
easier than trying to explicitly model specific cases. Modeling the regenerator is
much more difficult analytically than modeling the heater and cooler tubes. The
80% value is based on a review of optimal design data taken from the literature.
Naturally, it is assumed that your goal is optimal design as well. However, at
some point in the future I may decide to revisit the subject to see if a significant
improvement can be made with regard to pressure drop calculation in the
regenerator. That said; it is expected that the 80% assumption will still result in a
good ballpark estimate of engine performance in general. To adequately model
the regenerator one must obtain accurate information about it. In addition to
porosity, one must know the size of the mesh holes, how the mesh screens are
stacked relative to each other, their thickness, and their surface area. This is not
nearly as straightforward as knowing the length and inside-diameter of a tube.

In a nutshell, the 80% pressure drop assumption is based on the literature
findings, which indicate 65-80% regenerator porosity (the main parameter), with a
void volume roughly equal to the combined volume of the heater and cooler
(based on their exposed lengths). In addition, the equations used in the literature
to calculate flow loss in the heater and cooler tubes are basically the same as the
equations I used. So there is a degree of consistency in my approach.

The porosity of the matrix can be calculated as follows: First, calculate the
volume that contains the matrix material (this is the volume of the regenerator
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housing). Call this volume V1. For example, if the housing is in the shape of a
cylinder, then V1 is simply the volume of that cylinder. Next, measure the weight
of the regenerator matrix. Next, divide this weight by the density of the matrix.
This gives you the volume occupied by the matrix material. Call this volume V2.
The porosity of the regenerator matrix is therefore: (V1-V2)/V1. Note that (V1-
V2) is the regenerator void volume.

It is worth mentioning that the proportion of pressure drop across the regenerator
likely stays fairly constant over different engine speeds. In the following reference
(page 12), the NASA model predicts that the regenerator pressure drop holds
fairly constant at 70%, for speeds ranging from 30-60 Hz: “Comparative Analysis
of a Stirling Heat Pump With Second-Order and Third-Order Computer Models”,
N. Domingo, Oak Ridge National Laboratory, June 1985. The web link is:
http://www.ornl.gov/sci/ees/etsd/btric/eere_research_reports/thermally activated
technologies/engine_driven/stirling_rankine/modeling_and_simulation/ornl_con
162/ornl_con_162.pdf

By extension, if the proportion of pressure drop across the regenerator stays fairly
constant for different engine speeds, this means that the proportion also stays
fairly constant for different numbers of tubes, and (proportional) regenerator void
volume. For example, doubling the engine speed is the same as decreasing the
number of heater/cooler tubes and regenerator volume by half. In the latter case,
the speed effectively doubles because the total flow area is half of what it was
before. So from the point of view of the heater/cooler tubes and regenerator, there
is no difference. However, there is an important assumption made here: It is
assumed that the cross-sectional flow area of the regenerator is decreased by half
as well, keeping its length the same. This is a reasonable assumption since,
generally speaking, the regenerator flow area is what must increase or decrease in
order to accommodate more or less tubes. Therefore, the regenerator length
doesn’t need to change. A good rule to follow is to make the cross-sectional flow
area of the regenerator as small as possible while allowing enough room for the
heater and cooler tubes to comfortably “fit inside”. The figure below illustrates
this.
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For some regenerator designs the heater and cooler tubes lie within a ring-shaped area.
This means the regenerator must also be ring-shaped. The figure below shows a picture
of the ring shaped regenerator used in the MOD Il automotive engine (additional pictures
of the engine are in Appendix E).

NASA
C-Hm6-IT10

Reference: NASA Technical Reports Server
http://ntrs.nasa.gov/search.jsp

Good heat exchange between the regenerator matrix and the working gas is a
function of the size of the regenerator and the porosity. For instance, the working
gas blows through a smaller regenerator faster and therefore needs to exchange
more heat with the matrix per unit volume (in order to reach an exit temperature
near to that of the heater and cooler). Conversely, the working gas blows through
a larger regenerator slower and therefore needs to exchange less heat with the
matrix per unit volume (in order to reach an exit temperature near to that of the
heater and cooler). This means that the smaller regenerator requires a greater mass
of matrix material per unit volume than does the larger regenerator, to have the
same level of heat exchange with the working gas. So it follows that the smaller
regenerator must have lower porosity than the larger regenerator. But it doesn’t
end there. To ensure a good design, one must also account for the effect of
pumping losses and dead volume. This is discussed in the next point.

The volume and porosity of the regenerator must be chosen to maintain the
delicate balance between requiring too much pumping power and adding too
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much dead volume, while providing good heat exchange properties. For example,
a dense matrix (low porosity) in a smaller regenerator volume would provide
good heat exchange with the working gas, but may require too much pumping
power. But a less dense matrix (higher porosity) in a larger regenerator volume
would also provide good heat exchange with the working gas, but it may add too
much dead volume. So there is an optimal middle ground. However, since matrix
materials are usually metallic, they have a very high volumetric heat capacity
relative to the working gas. So as long as the regenerator porosity falls within a
certain range, it will function well in general. Looking at the literature, a good
range of porosity of the regenerator for optimal performance is 65-80%. This
means that the matrix material fills 20-35% of the regenerator volume.

e From the study described in reference [5], an ideal regenerator design consists of
a matrix porosity of about 80% and a matrix wire diameter of about 50 pm
(50x10°° m).

e As mentioned, a regenerator is required in order to achieve high heater and cooler
efficiency. In fact, a 1% improvement in regenerator efficiency can improve the
overall engine efficiency by several percent. This points to the sensitivity of
engine efficiency on regenerator performance.

e To gain a feel for the effect of regenerator size on power and efficiency, you can
do a sensitivity analysis. Make changes in the regenerator void volume and
observe the effect on engine power and thermal efficiency.

Graph to help you visualize the temperature of the working gas as it flows through
the heater, regenerator, and cooler (must-read)

The figure below may help you to better visualize the temperature of the working gas as
it flows in both directions through the heater, regenerator, and cooler. The solid line
represents temperature. The dotted line represents the working gas.

Heater Regenerator Cooler

46



Engine Losses (must-read)

In addition to thermal losses due to regenerator inefficiency (discussed previously) there
are also other engine losses to consider. The details of these are given in point form
below:

e In areal engine there are friction losses, such as in the mechanical drive, linkages,
and between the piston/displacer seals and cylinder wall. This directly reduces
engine power. These friction losses can only be accurately calculated with
experimental measurements. They are not accounted for in the program.

e There are also thermodynamic losses such as from hysteresis effects, due to
compression of the working gas in the expansion and compression space, causing
it to heat up to a temperature higher than that of the cylinder wall, during parts of
the cycle. As a result, heat is lost to the environment. This loss mechanism can be
minimized, by insulating the outside walls of the expansion and compression
space. In the program it is assumed that the expansion and compression space are
adiabatic, which means that the working gas does not lose heat through the
cylinder walls. This is a good assumption for large high-pressure engines.

e Other losses include: working gas leaking out of the engine, heat transfer
inefficiency from heat source to heater tubes, and other thermodynamic
inefficiencies due to heat loss in other parts of the engine. For instance, there are
heat transfer losses that occur as a result of heat flowing along the engine wall
from the hot side to the cold side. There are heating losses that occur between the
gap of the displacer and the cylinder wall, due to the temperature difference
between the expansion and compression space. No provision is made in the
program to account for these losses. For the most part they can only be accurately
calculated by experimental measurements, and then minimized by proper material
selection and design.

e As mentioned, regenerator inefficiency is one of the major sources of thermal
loss. But the other thermal losses mentioned above can (in combination) further
reduce thermal efficiency by several percent.

e This program is meant to optimize the design based on the intrinsic engine
thermodynamics, which models the main physical phenomenon occurring inside
the engine. For the most part, the losses mentioned in the previous paragraph
affect the thermal efficiency only (i.e. by reducing it). This means that extra heat
energy input is required to compensate for these losses. In other words, the engine
power itself is not affected, provided there is sufficient heat energy available to
compensate for the thermal losses.

e |t is very important to know that (with the exception of hysteresis losses and

leakage of working gas), accounting for all the above-mentioned losses would not
affect the thermodynamics and physics inside the engine. So for optimization
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purposes they can be excluded from the model. In other words, their exclusion
will not affect the number of tubes and (proportional) regenerator volume
required for maximum power.

One way to significantly improve thermal efficiency in the design is to improve
the heat transfer efficiency from heat source to heater tubes. A common loss
mechanism in this regard is heat loss to the surrounding environment (e.g. warm
exhaust from a burner). A way to minimize this loss is with an air Preheater.
Using the exhaust stream, a Preheater heats the air before it enters the combustion
chamber, and more of the heat energy of the fuel is used. This is also more
economical since it reduces fuel consumption. In addition, you can also minimize
heat loss by placing an insulated enclosure around the heat source.

A well-designed heat source, such as burner with air Preheater, can have a heat
transfer efficiency of 90%. This means that 10% of the heat is lost to the
environment. This loss further reduces thermal efficiency by several percent. For
example, an engine operating at 40% thermal efficiency with (theoretically)
perfect heat transfer from the heat source, would run at 36% efficiency with 90%
heat transfer efficiency (0.90x0.40).

One interesting loss mechanism not mentioned earlier, is Adiabatic Loss [1]. This
loss results from a high compression ratio - (maximum-engine-
volume)/(minimum-engine-volume), which forces the gas temperature in the
expansion and compression space (during parts of the cycle) to exceed the heater
and cooler temperature, respectively. This results in heat being pumped out of the
heater and cooler due to the positive temperature difference. This lowers thermal
efficiency. But at the same time a sufficiently high compression ratio is necessary
for high power. However, if it’s too high, the adiabatic loss becomes excessive.
This is another example of the conflicting requirements in Stirling engine design.

Note that the Adiabatic Loss is inherently captured by the equations of the
program, and doesn’t need to be accounted for explicitly.

A Closer Look at Power and Efficiency (must-read)

The following details are given in point form:

It may be possible that with no regenerator (and longer heater/cooler tubes to
compensate), you will be able to achieve a higher power output due to lower
pumping (flow) losses. But, your thermal efficiency will be very poor as a result,
and you will need much more fuel (heat input) to produce power. This will
overwhelm any power advantage gained.

It’s better to use a regenerator to achieve high thermal efficiency even at the
expense of lower power. You can always scale up the engine size to get additional
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power, and maintain the high thermal efficiency. You end up using much less fuel
that way. For example, without a regenerator you may have twice as much power
than with a regenerator, but your thermal efficiency may be three times less. So
it’s much better to just scale up the size of the engine or (in some cases) just
increase the engine pressure to get the additional power, without sacrificing
efficiency. However, in some rare cases keeping engine bulk to a minimum is
very important. So to achieve that, some compromise will have to be made at the
expense of efficiency. For example, it's the same idea as using a two-stroke
gasoline engine for applications demanding a high power-to-weight ratio. A two-
stroke engine has twice the power of a four-stroke engine but is consequently
much more polluting and has lower fuel efficiency.

If the available heat energy is very high relative to the power output that means
the engine pressure should be increased in order to reach its full power potential.
As a result, thermal efficiency will also increase. For example, if the available
heat energy from the heat source is 10,000 W and the power output of the engine
is 25 W, we can definitely get more power by increasing engine pressure.
Increasing pressure enables the engine to use more of the available heat energy.

Let’s examine the previous point more closely. Increasing the engine pressure will
result in a speed and power increase. But it also results in two other direct
consequences. First, the heater wall temperature will decrease since heat energy is
being “pumped” away at a faster rate (due to the higher density of the working
gas as it passes through the heater). Second, the cooler wall temperature will
increase because the cooler has a higher cooling demand placed on it (due to the
higher density of the working gas as it passes through the cooler). And if the
engine pressure continues to increase, the heater temperature will continue to
decrease and the cooler temperature will continue to increase. This will eventually
result in a sharp drop in thermal efficiency, and as a result the power and speed of
the engine will drop as well. This is a result of Carnot efficiency (discussed in
Appendix D). One can compensate for this by using a control system to pump
more fuel into the heater to bring the heater temperature back up to the target
temperature (also known as the set point temperature). Furthermore, it will also
be necessary to pump the coolant through the cooler at a faster rate since heat
must be removed faster to maintain the target (set point) temperature of the
cooler.

However, if the source of heat energy is constant and cannot be regulated, such as
with a wood firebox, or concentrated solar energy, then the size of the engine and
its operating pressure must be chosen to best match the (constant) heat input. The
easiest way to build an engine, given this condition, is to first choose the engine
power you want given the maximum permissible heater temperature, based on
design limits (maximizing heater temperature is desirable because it results in
maximum thermal efficiency). You then calculate the heat input requirement (e.g.
in Watts), and size the heater accordingly. For example, this may involve
choosing the correct size of solar concentrator (e.g. parabolic mirror), knowing
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that incident solar radiation is approximately 1000 W/m? and knowing that a
certain size of mirror is necessary to produce the required temperature (at the
focal point).

The compression ratio — (maximum-engine-volume)/(minimum-engine-volume)
— for maximum power and thermal efficiency, is usually less than 2. Note that the
compression ratio is a secondary result of your engine dimensions, which is based
on swept volume and dead volume. It is not specified explicitly in the program.

One interesting point is that, by lowering the heater temperature (decreasing the
temperature difference between the hot and cold source), the number of heater
and cooler tubes required for maximum power increases. This means that the
compression ratio becomes lower as a result. Conversely, higher heater
temperature (greater temperature difference) requires a lower number of tubes for
maximum power. And the compression ratio becomes higher as a result. This is
an interesting consequence of the physics of Stirling engines.

Note that some sources refer to compression ratio as the ratio of swept volume of
the displacer to the swept volume of the power piston (in beta and gamma
engines). Other sources refer to the compression ratio as (maximum-
volume)/(minimum-volume) in either the expansion or compression space. This is
a common convention for Internal Combustion engines.

For engines with very high pressure it takes a lot of torque to get them started
because you have to move them past the compression stage. A way to get around
this is to lower the engine pressure at the start. And then once the engine starts
running increase the pressure. In some cases it may be best to use an electric
starter with high torque.

In my DIY Stirling engine project (see Stirling_engine_project.pdf), | used only
one tube for the heater and cooler. This was not optimal. The speed could never
reach a high level because it would take too much pumping power to push the air
through a single tube. It would have been better to use many narrow diameter
tubes. But in doing this, you move out of the DIY realm and into the realm of
needing a machine shop and specialized materials. This program was developed
afterwards, so it does help to have the benefit of hindsight.

The rotational speed of a Stirling engine at zero shaft-load is a function of engine
losses caused by mechanical friction in the linkages, bearings, seals, etc., and
thermodynamic losses inside the engine, such as pumping (flow) losses. The
engine will accelerate until "equilibrium™ is reached (constant rotational speed).
This is the point at which the engine power is balanced by the losses. In other
words, the following equality applies in the case of constant engine speed:
mechanical and thermodynamic losses = engine power. In the case where you
have a load applied to the engine (such as a generator) the engine will reach a
speed lower than the zero shaft-load speed. This corresponds to the same basic
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equality, but with an extra term added: mechanical and thermodynamic losses +
generator load = engine power. As mentioned, the engine speed at which this
equality holds is the final rotational speed of the engine. Note that some of the
variables on the left side of the equality, such as pumping losses, are strongly
related to engine speed. But other variables, such as mechanical friction and
generator load, may not be as strongly related. Ideally, you want this equality to
correspond to high generator output while maintaining good thermal efficiency,
because that means you get the most “bang for your buck”.

It is a good idea to keep the mass of the pistons, displacers and linkages as strong
and lightweight as possible in order to not burden the engine in accelerating these
components, during parts of the cycle. To make the pistons and displacers as
strong and lightweight as possible they must be hollowed out on the inside, while
leaving enough material on the perimeter to provide adequate strength. However,
flywheel design requires different design criteria. Flywheel mass must be
substantial in order to move the engine past the compression part of the cycle. A
hefty flywheel keeps the engine running “smooth”.

The phase angle for maximum power and thermal efficiency occurs at roughly
90°. It is possible to increase the power slightly by using a phase angle of around
80°, but then your thermal efficiency decreases slightly. Therefore, the optimal
phase angle for all-around performance is 90°.

High-power engines typically have heater temperatures in the range of 650 - 800
degrees Celsius. This is necessary for high power density and thermal efficiency.

If possible, it may be a good idea to have an adjustable swept volume, or phase
angle in your design, as this will allow you to control engine power, perhaps more
easily than by adjusting engine pressure, or heater/cooler temperature. An easy
way to adjust swept volume is by varying the stroke length in the piston or
displacer.

Buffer Space (must-read)

There are designs that use a sealed buffer space (also called a “bounce” space)
containing the flywheel and crankshaft/linkage mechanism. The buffer space is
located external to the engine and creates a boundary between the atmosphere and
the regions where gas can leak (at the interface between piston seals and cylinder
wall). The buffer space is normally pressurized to the average engine pressure.
The buffer space is large compared to the swept volume of the pistons in order to
minimize pressure fluctuations inside of it. A pressurized buffer space reduces the
requirements of the pistons and displacer rod seals, which only have to withstand
pressure fluctuations above and below the buffer space pressure. These pressure
fluctuations are much smaller than the pressure difference that would result if
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there were no buffer space, and the pistons were directly exposed to the
atmosphere.

e A pressurized buffer space reduces the strength requirements of the crankshaft
and linkages because of the smaller pressure difference between the inside and
outside of the engine. In addition the flywheel mass can be much less, for the
same reason. This is explained in more detail in the Flywheel Design section.

e A pressurized buffer space also dramatically reduces the starting torque needed to
get the engine running.

e Note that the power of the engine does not change with the use of a pressurized
buffer space. The mathematical proof of this is given on page 116.

e A proper lubricant must be used that can withstand the high pressure of the buffer
space. And care must be taken that it doesn’t leak into the engine. This can
happen during the parts of the cycle where the engine pressure is less than the
buffer space pressure.

e In the cases where the engine drives a generator, it can be placed inside the buffer
space. The buffer space can then be completely sealed using static seals, including
the hole where the power cable comes out. However, in the cases where the
output shaft protrudes from the buffer space, the gap between the shaft and
through-hole must be sealed with dynamic seals designed for rotating
components. Such seals tend to resist pressure better than the dynamic sliding
seals used for pistons and displacers.

An illustration of the buffer space is given below, using a gamma engine as an
example.
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A Closer Look At The Displacer (must-read)

The displacer is generally made of stainless steel because of its resistance to oxidation
when exposed to high heat.

For beta and gamma engines, the main purpose of the displacer is to force the working
gas through the heater-regenerator-cooler assembly. And depending on the direction of
travel of the displacer, the working gas will exit either cool or hot. The result of this is
power production in much the same way as an alpha engine.

In beta and gamma engines, the annular gap between the displacer and cylinder wall is
typically sealed, using seals on the cold end (compression space side). This helps reduce
pumping (flow) losses resulting from the working gas “squeezing” through the gap.

The difference in diameter between cylinder ID and displacer OD is typically less than 1
mm. The annular gap must be small to minimize dead volume. In addition the gap must
also be long enough to allow the hot working gas from the expansion space to cool
sufficiently by the time it reaches the seal (located on the compression space side). This is
important because seals generally cannot withstand high temperature. (In the MOD |1
engine (Appendix E) the displacer length is about 1.5 times the diameter — this provides a
sufficiently long gap).
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Unfortunately, the penalty for having a long gap is a loss in thermal efficiency of the
engine. This is due to the heat loss that occurs when hot gas flows into the gap and loses
heat to the (colder) displacer and cylinder wall. As the gas flows into the gap it touches
progressively “colder” surfaces on the displacer and cylinder wall. And when the gas
flows back out of the gap it is colder than before, and heat energy is lost in the process. In
essence this is a thermal “short-Circuit”. Heat energy which would otherwise be used to
produce power, is lost due to the round-trip motion of the gas into and out of the gap.
Therefore, additional heat energy must be provided by the heater to compensate.

However, it is possible to minimize this loss by placing a metal ring (called a “hot ring”)
around the displacer at the hot end. This helps prevent hot working gas from flowing into
the gap during the displacer motion. Such a ring must be able to operate well without
lubrication, at high temperatures. Perhaps a wear resistant alloy that functions well at
high temperature can be used for the ring material. In addition, a self-lubricating coating
can be applied on the cylinder wall, within the contact region. The figure below shows
the basic set up. The temperature gradient is shown visually as blue (cold) transitioning to
red (hot).

Special coating
on contact surface

Displacer motion
+—>

Cold side

(compression space) )
Hot side

(expansion space)

Hot ring helps block the
working gas from flowing
into the gap between
displacer and cylinder wall

-

Seal Displacer Hot ring

Cylinder wall

In a study done by NASA in 1988, tests were performed using a cobalt-based alloy
(Stellite 6B) as the hot ring material, and PS200 as the coating (PS200 is a metal-bonded
chromium carbide matrix with dispersed solid lubricants). It was found that fuel
consumption in the heater was reduced by 3-7%. This study can be found at:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19880006490 1988006490.pdf.
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It is interesting to know that the above configuration for a displacer can also be used for
the expansion space piston in an alpha engine. By using a long piston and a hot ring, the
piston seals can be protected from the hot gas in the same way that displacer seals are
protected. But it is necessary for the expansion space piston to be properly ventilated on
the outside.

Flywheel Design (must-read)

Selecting a flywheel of suitable size and mass is an important aspect of the design. It has
to be “heavy” enough to absorb energy from the engine during the power stroke (without
speeding up too much) and then use that energy to “push” through the compression stroke
(without slowing down too much). A proper flywheel will minimize fluctuations in
rotational speed. This is necessary to ensure “smooth” engine operation. If the flywheel is
not heavy enough the engine rotation will be “jerky” and engine performance will be
poor.

The goal is to design a flywheel that is heavy enough to do the job but is not too big and
heavy. When I speak of “heavy” I am specifically referring to the rotational-inertia of the
flywheel about its center of rotation. This is a specific physical quantity related to the
mass and size of the flywheel. We want a flywheel that has high rotational-inertia while
keeping the mass as low as possible. This is best accomplished by using a flywheel with a
solid outer rim, in which most of the mass is concentrated around the outside. The picture
below shows a picture of such a flywheel.
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Most of the mass
IS in the rim

The radius of the flywheel at the mid-point of the rim is given by “r”.

Mathematically, the rotational-inertia of the flywheel is given by:

| =mr? *)

where m is the mass of the outer rim. Note that this equation is marked with (*). It will be
referred back to later on.

This equation is straightforward to use. If you know what the rotational-inertia (I ) has to
be for your particular engine design, you can choose a value of m and r such that the
above equation is satisfied.

A good rule of thumb is to put 90% of the total flywheel mass in the outer rim. The
remaining 10% of the mass is in the inside hub, for support. It can be ignored when using
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the above equation. Ignoring this remaining 10% means that your actual rotational-inertia
will be slightly higher than what you designed for.

You can estimate what | should be, based on the compression work required to “push”
the engine from the position of maximume-internal-volume to minimume-internal-volume.
Note that “internal volume” is defined as the total volume inside the engine.

Before getting into the details for calculating I, let’s look more closely at my definition of
“compression work”. You can skip this next part if you like.

A Quick Aside (optional)

It is important to know that “compression work™ as stated above, does not refer to the
compression work in the compression space. It is a different quantity. When calculating
the compression work necessary to “push” the engine from maximum-internal-volume to
minimum-internal-volume, it is necessary to consider the combined effect of the
compression space and expansion space. It follows that, mathematically speaking, the
following sum must be calculated as the engine moves from maximum to minimum
volume: (expansion space change in energy) + (compression space change in energy).
The sum of these two is the compression work. To help visualize this, imagine that the
engine is at maximum internal volume, and you turn the crankshaft by hand until
minimum internal volume is reached. Assuming that the engine pressure is always above
atmospheric throughout the rotation, you will feel a resistance. This resistance is
(unavoidably) a direct result of the combined change in volume of the compression and
expansion space (due to the piston/displacer motions).

Therefore, the compression work required to move the engine from maximum volume to
minimum volume is the total energy that you used to turn the crankshaft. This is the
energy required to physically “compress” the working gas inside the engine, plus
overcome any load resistance (such as from a generator connected to the output shaft).
This energy is provided by the flywheel as it rotates.

Now, as the engine moves from minimum-internal-volume to maximume-internal-volume
energy is output from the engine. Let’s call this the “expansion work”. This is equal to
the energy gained by the flywheel. If there is no load, subtracting compression work from
the expansion work gives positive net energy. However, if there is a load, and the engine
(and flywheel) is rotating at constant speed, the expansion work will equal the
compression work. This means that the flywheel loses and gains the same amount of
energy in the compression and expansion stages.

For positive net energy output the flywheel will be at a higher rotational speed at the end
of the expansion cycle. Therefore, the engine will accelerate and turn faster until a final
equilibrium speed is reached (depending on the loading and pumping losses inside the
engine).
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The angle of rotation of the crankshaft, to move from maximum-volume to minimum-
volume, is 180°. And to move from minimum-volume to maximum-volume the
crankshaft must rotate 180° to 360° (this takes it back to the starting position). In other
words, it takes half a crankshaft rotation to go from one extreme to the other.

The above is an intuitive explanation. It assumes that the engine pressure is always above
atmospheric pressure throughout the rotation. If this is the case, the compression work
will always take place from 0 to 180°. And the expansion work will always take place
from 180° to 360°.

However, if you are using a buffer space with pressure equal to the average engine
pressure, the above description no longer applies. The net work produced by the engine
will still be the same, but the expansion and compression stages will follow different
profiles. This is because the pressure inside the engine goes above and below the buffer
space pressure, in stages. This complicates the trends. As a result, compression work no
longer takes place strictly between 0 and 180°, and expansion work no longer takes place
strictly between 180° and 360°. Instead, compression work might take place between
120°-180°, and 270°-360°, while expansion work takes place over the remaining
intervals. Fortunately, we don’t need to worry about the details of this. It is only
important to know that the net work at the end of a cycle ends up being exactly the same.

End of Aside

You can calculate the value of | based on several criteria that | think is reasonable for
high power engines. These criteria are:

e The flywheel speed is allowed to vary +1 Hz at an average engine speed of 20 Hz.
For slower engine speeds this variation will be higher, and at faster engine speeds
this variation will be less. In other words, the engine runs “smoother” the faster it
rotates.

e The calculation applies to alpha, beta, and gamma configurations as shown in this
manual. The calculation for | does not apply to multi-cylinder configurations.

e The engine is spinning at constant speed, meaning there is a load, such as a
generator, attached to the output shaft.

The value of I is given below, and is based on two criteria: (1) A pressurized buffer space
is used, with pressure equal to the average engine pressure, and (2) There is no
pressurized buffer space; meaning that the outside faces of the pistons are exposed to
atmospheric pressure.
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Pressurized Buffer Space at Average Engine Pressure

Wc
= ——— (units in kg:-m?)

2400

No Pressurized Buffer Space

Wc
| =—= (unitsinkg-m?)

800

where W is equal to the compression work plus half the net work per cycle, given in the
‘results’ file.

The above values for | are calculated based on: 1) the permissible speed threshold of +1
Hz at an average engine speed of 20 Hz, and 2) the equation of energy for a rotating
object (which is a flywheel in this case), and knowing that the change in energy must
equal W.. The derivation of this is not given here.

Note that the value of | corresponding to a pressurized buffer space is much lower than
the value of I corresponding to no buffer space. This is because, with a pressurized buffer
space, the forces acting on the flywheel are much lower (since the difference in pressure
between the inside and outside of the engine is less). This results in lower compression
work. As a result, the flywheel doesn’t have to be as “heavy” to maintain a certain speed
threshold. This illustrates a clear advantage of using a pressurized buffer space.

Sample Calculation

Let’s assume we are using a pressurized buffer space.

From the ‘results’ file, the values for compression work and net work can be chosen at
any frequency (the reason for this will be given below). For example, from the ‘results’
file (at 15 Hz) locate the following two items:

“The compression work for Vmax-to-Vmin (J) = -1250.237415972”.

and

“The net work per cycle (J) = 1600.297327511”
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The compression work is given as a negative number, so we must convert it to a positive
number — 1250.

Therefore, W, = 1250 + 1600/2 = 2050 J.

As it turns out, the compression work plus half the net work is roughly constant, no
matter what engine frequency you choose these values from. For example, at an engine
frequency of 7 Hz, W, = 2050 J (the same). This is a very useful fact! Another very
useful fact is that W, is the same even if the assumed percentage of pressure drop across
the regenerator is changed to, say, 70% or 90%. Therefore, you don’t have to worry about
how sensitive W, is to the regenerator pressure drop. It isn’t!

From the above equation for a pressurized buffer space we calculate:
| = 0.854 kg-m?

Next, let’s assume we want a flywheel radius of 20 cm. This must be converted to meters,
sor=0.2m.

Substitute | into equation (*) and solve for m:

0.854 = mx (0.2)?

Therefore, m = 21.4 kg. This is the mass on the rim of the flywheel. Given that there is
mass on the inside hub as well, the actual value of I will be higher. This means that the
engine will run even “smoother” than predicted.

This mass of 21.4 kg might seem a bit high, but for W, = 2050 J, the engine will have at
least a few horsepower.

It is possible to further reduce the mass of the flywheel using a larger flywheel radius r.
However, the radius must only be as large as practical.

Another way to further reduce the mass of the flywheel is to use multi-cylinder
arrangements. Automobile engines, for example, can use lighter flywheels than single
stroke engines. The reason is because they use multiple pistons and cylinders, connected
to the same crankshaft (offset by an optimal amount). When one piston is in the
“compression” part of its stroke another piston is assisting it during the “expansion” part
of its stroke. Therefore, the flywheel doesn’t have to store as much energy to smoothly
move the engine past the compression stages, and it can be made lighter as a result.

The picture below shows a 200 W Philips Stirling engine generator, produced in 1951.
Notice that the flywheel has most of the mass on the rim (source:
http://en.wikipedia.org/wiki/Stirling_engine).
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Miscellaneous Items (must-read)

The engine components that are exposed to high heat are generally made of
stainless steel. These include: 1) expansion space piston (in alpha engines), 2)
expansion space cylinder, 3) displacer (in beta and gamma engines), 4) heater, 5)
regenerator matrix, 6) regenerator housing.

The best working gas to use for achieving high power and thermal efficiency is
hydrogen. Helium is the second best. However, helium is probably the safer
choice, especially for those not wishing to take “explosive” risks.

The program is best suited for modeling reasonably sized power producing
engines, not the small hobby size engines you typically see on YouTube. The
main reason for this is as follows: Small hobby size engines don’t generally use
tubes/passageways for the heater and cooler. The heating and cooling takes place
at the surface area of the expansion and compression space. In the program, the
expansion and compression space is treated as adiabatic, meaning there is no heat
transfer with the environment. This is generally a good approximation for engines
with large expansion and compression space volumes relative to their surface
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area. But in small hobby engines this assumption doesn’t hold true because the
surface area of the expansion and compression space is large relative to their
volume. For this reason these surfaces can be used as effective heat exchangers,
by directly exposing them to a hot and cold source.

The Ideal Stirling cycle is very different from the cycle for practical (real)
engines. In many descriptions of Stirling engines a single working space is given,
and the thermodynamic analysis follows from that. The working gas is expanded
and compressed using a single piston. And the heating and cooling takes place at
the outside surface. Although it works well as a basic description of the Stirling
cycle, this analysis cannot be directly applied to real power-producing engines. In
a real engine you need a separate expansion and compression space, in which the
working gas is shuttled back and forth through heat exchangers. This is the only
way to enable the rapid heating and cooling of the working gas necessary for
high-power engines, operating at high speeds. Therefore, the Ideal cycle analysis
cannot be used to model real engines.

The real engine will always have some leakage, however small. If using air as the
working gas you can have a small compressor to maintain engine pressure. If
using a gas such as hydrogen or helium it’s best to use a high-pressure storage
tank to maintain pressure. Once the engine pressure drops below a certain value
the tank releases gas into the engine until pressure is restored. If hydrogen is used
one can even have an electrolysis device, which can produce hydrogen from water
using electricity. This makes it easy to replace gas that has leaked.

"Pumping Leningrader" sliding seals (in the MOD |1 engine) and Roll sock seals
have been used with great success, lasting for thousands of hours during
operation. PTFE (Teflon) seals can also be used, provided they are not exposed to
very high temperature. The picture below shows a diagram of a Roll sock seal.
This picture is taken from page 21 of: “Historical Review of Stirling Engine
Development in the United States from 1960 to 1970, Energy Research and
Development Agency, W. H. Percival, July 1974 (ref:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.qgov/19780072756_1978072756.pd
f). This report also provides detailed information on the different seals used in
Stirling engines, and how well they perform.
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When using oil for lubrication, make sure that it doesn’t seep into the engine. The
heat and pressure inside the engine will evaporate the oil and quickly foul the heat
exchangers as a result. To combat this, some pistons use a combination of
different seals, both to prevent gas from leaking out of the engine and to prevent
oil from seeping in.

For a beta and gamma engine, the power piston linkage must be strong and robust
since it must “support” higher internal pressure (relative to the atmosphere, or
buffer space) during parts of the engine cycle. The linkage for the displacer
doesn’t need to be nearly as strong because the pressure on both sides of it is
approximately equal. For an alpha engine, the linkages for both pistons must be
strong and robust.

The crankshaft and flywheel need to be balanced to avoid excessive vibration
during high-speed rotation. The easiest way to balance the flywheel is to make
sure that its center of rotation coincides with the center of mass. For example, if
you can perfectly balance the flywheel about its central axis, then it’s balanced.
For the crankshaft, the balancing process is a bit trickier. The easiest way to
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balance a crankshaft is by adding weights to the ends, using trial and error to
determine the amount of weight to add, in order to minimize vibration.

Even though this is not a design manual in the “how to fabricate it” sense, there
should be enough information in the ‘results’ file to figure out how to size the
different components for strength. For example, the size of the rods and linkages
for the pistons can be determined by looking at the maximum pressure reached
inside the engine, and then subtracting the buffer space pressure (if there is a
pressurized buffer space). Multiply this pressure difference by the piston area to
get the force, and then use a “buckling” equation (from a Machinery’s Handbook)
to calculate the size required (maybe using a factor of safety). Similarly, for the
displacer (in beta and gamma engines), you must account for the difference in
pressure between the compression and expansion space (it’s usually small
anyway) to determine the force acting on the displacer rod and linkage.

You also have to calculate how thick the walls of your cylinders and heater/cooler
tubes need to be to withstand the internal pressure. You also need to consider
fatigue stresses since the pressure inside the engine fluctuates. And given that
some of the engine components are at high temperature, you will need to look at
“creep strength” as well. The details of these considerations are outside the scope
of this manual, partly because it’s not the goal of this manual, and also because
fabrication guidelines are much more flexible than the information given here,
which is based on universal considerations, based on the physics of Stirling
engines. However, it may be that you have a “feel” for how big to make the
various components based on your own experience, so you won’t need a manual
for it. Nonetheless, it’s an important and unavoidable knowledge base to have,
especially for those starting out. So it’s likely that some time in the future I will
put together a design manual, which describes how to fabricate a Stirling engine.
So watch for it.

When using biomass as heating fuel (such as wood chips or switchgrass), one
must be careful of ash buildup on the heater tubes. The airborne ash can melt due
to the high temperature, and form an insulating layer on the heater tubes,
preventing heat from getting through. This will kill performance. This can be
prevented with a gasifier-burner unit, which converts the biomass to combustible
gases, which burn cleanly and won’t foul the heat exchanger.

If water is used as the cooling medium for the cooler, it is typically mixed with
antifreeze, especially if the engine is exposed to colder climates.

If the engine isn’t starting, make sure you are cranking it in the right direction.
Remember, in the alpha engine the rotational position of the expansion space
piston must be “ahead” of the compression space piston. In the beta and gamma
engine the rotational position of the displacer must be “ahead” of the power
piston. It may be helpful to draw an arrow indicating the correct direction of
rotation.
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A simple way to check the functionality of the engine is to crank the engine by
hand or with a motor, in the direction of engine rotation. If the heater tubes get
significantly colder and the cooler tubes get significantly warmer this is a sign
that there is good energy exchange inside the engine. This interesting
phenomenon is a direct consequence of running the engine in “reverse”. By
running a Stirling engine in reverse it functions as a refrigerator.

The picture below is taken from page 16 of the Stirling Engine Design manual.
It’s a picture of the GPU-3 engine produced by General Motors in the 1960s (ref:
“Stirling Engine Design Manual”, W.R. Martini, Second Edition. The web link is:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.qov/19830022057_1983022057.pd
f). Certain parts of the design are worth noting, including the inflow/outflow of
the cooling water for the cooler; the long displacer with seals on the compression
space side; and the holes at the top of the expansion space, which the heater tubes
insert into — this keeps the dead/unswept volume in the expansion space to a
minimum. The note | added at the bottom left brings attention to the dead volume
between the cooler and compression space. This dead volume is considered part
of the dead/unswept volume in the compression space.
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The Radiator and Heat Source (must-read)

As mentioned before, you can use an air-radiator system for the cooler. The coolant flow
rate should be high enough so that there is only 10-20 degrees difference between the
coolant inlet and outlet temperature. The figure above shows an illustration of cooling
water flowing past the cooler tubes. It is necessary to keep the temperature difference
small so that the average cooler temperature stays as low as possible. This temperature
difference will be the same as the inlet and outlet temperature difference in the radiator.
Your radiator must be large enough to accommodate the rate of heat removal from the
cooler. The rate of heat removal is based on the temperature difference and the coolant
flow rate.

You might be able to use an old car radiator system, but you will have to know its rate of
heat removal and the temperature difference it can maintain between the inlet and outlet
of the radiator (ideally within a few degrees). Assuming water is the coolant we can
estimate the flow rate necessary to maintain a given temperature difference between the
inlet and outlet of the cooler. Set T; as the inlet temperature and T, as the outlet
temperature. The flow rate in liters/second = (Heat removal from cooler, as given in the
'results’ file)/{4200*(T,—T;)}. For example, for T; = 20 degrees Celsius, T, = 40 degrees
Celsius, and heat removal from cooler = 1340 W, the flow rate = 0.016 liters/second.

The average temperature of the cooler is roughly (To+T;)/2. This is the value
entered in the input file, under 'Cooler temperature’ (in Kelvin).

The size of radiator is such that it can: 1) accommodate the specified flow rate, 2)
maintain a temperature difference of (T,—T;), and 3) accommodate an inlet temperature of
Ti. If you contact a radiator supplier and give them this information they can recommend
a suitable size and type of radiator system.

Matching the heating fuel to the specific heat input requirement is more difficult than
sizing a radiator for the cooler. One must consider: The type of fuel burned, the fuel flow
rate (if applicable), and the efficiency of the air Preheater (if used). If burning biomass or
using concentrated solar energy then obviously you cannot change the rate of heat input.
So in this case it may be best to just try it out and "see what happens". And if you find
that you need more heat energy to maintain the desired heater temperature, then consider
switching to another fuel source, perhaps a liquid fuel where you can adjust the flow rate.

Offset Angle in the Expansion and Compression Space VVolume (optional)

This wasn’t mentioned before to avoid confusion, but an offset angle is used in the
volume expressions for the expansion and compression space.

Using the expression given previously for the expansion space (for all three engine
configurations), we can introduce an offset angle ¢:
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Similarly, for the compression space (for all three engine configurations):
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This purpose of this angle ¢ is to “shift” Ve and V. so that, at crank angle 6 = 0 (the
starting position), the internal engine volume is at maximum value. Maximum engine
volume corresponds to the “rest” position when the engine is pressurized against
atmospheric pressure. In other words, when pressurizing the engine the pistons move
“outwards” until they can’t move any further, and this final position corresponds to
maximum engine volume. Consequently this becomes the starting position.

The offset value used is:

¢ _tan -1 szept,c +szept,e COSIB
szept,e sin ﬂ

This results in maximum engine volume when 6 = 0. The mathematical proof of this is
not shown here.

In order for ¢ to be calculated correctly, one must account for the sign of the numerator
and denominator, in the above equation. This allows the angle to be calculated based on
the location of x, y in the plane, where x = (the denominator) and y = (the numerator). In
Fortran, the function used for calculating ¢ is ATAN2(y,x).

The offset angle ¢ will not be mentioned in the mathematical section later on because it is
not a necessary part of the mathematical and thermodynamic descriptions. But just keep
in mind that it is in fact included in the equations of the program.

Note that the inclusion of ¢ does not affect the solution. It is included simply because it is
more realistic from a physical point of view.

Excerpts Taken From Stirling Engine Design Manual (optional)

Below are some main points taken directly from: “Stirling Engine Design Manual”, W.
R. Martini, University of Washington, April 1978.
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Web link:
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.qgov/19780016056 1978016056.pdf

Page 10 — Typically half of the engine volume is in the heat exchangers and ducts, and
this reduces the power output to about half of what it is theoretically with no dead
volume.

Page 10 — The typical gas cooler is made up of many parallel small diameter tubes with
the working gas inside the tubes. The typical regenerator is made up of many layers of
stacked mesh screens lightly sintered together. The gas heater is similar to the gas cooler.
Combining the heat exchangers with the variable volume spaces is theoretically a good
way to reduce dead volume.

Page 10 - Very high gas pressures are used because power density is proportional to
average gas pressure. Losses increase only slowly with gas pressure. Higher heater
temperature also increases power density and adds to the thermal efficiency.

Page 11 — The Rinia arrangement is an engine design sometimes used. This is a design
using multiple cylinders.

Page 11 — Piston seals cannot be lubricated with oil, as this will quickly foul the heat
exchangers. Filled Teflon piston rings are usually used. Specially designed mechanical
seals or oil backed roll sock seals are used to almost eliminate leakage. In some low
power systems, diaphragms or bellows are used instead of pistons, which eliminates
sliding friction, and mechanical wear.

Page 14 — Hydrogen and helium as the working gas, works much better than any other
gas (especially at high pressures). Hydrogen is best because it has the highest thermal
conductivity, the lowest viscosity and a low heat capacity on a volume basis. Only a
small amount of heat is needed to change its temperature. However, hydrogen permeates
through metals and no container is completely impermeable. And hydrogen is flammable.
Some metals are embrittled by hydrogen. Helium, however, is inert and can be
permanently contained in metal. It has an even lower volumetric heat capacity than
hydrogen but its viscosity is twice that of hydrogen. It has been shown that hydrogen,
helium, or nitrogen can all power a Stirling engine with the same thermal efficiency.
However, the heater, cooler, and regenerator would be designed quite differently for
each. Hydrogen allows for a broader range of high thermal efficiency operation than
helium.

Page 52 — There are three basic analysis methods for Stirling engines: First order
(Schmidt), Second Order (Schmidt or similar, with fluid friction and mechanical losses
factored in), Third Order (discretizing the working space into nodes, using fluid
momentum equations, heat transfer equations, and energy equations) — very few
assumptions, and more accurate. One assumption not necessarily made in the Third Order
analysis is that pressure is the same everywhere inside the working spaces. Pressure
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gradients do exist and time steps have to be chosen to be smaller than the time required
for the speed of sound to travel across a gradient.

Page 68 — Using the Schmidt analysis (isothermal space assumption), there is a 1-2%
difference in work prediction from using a more realistic adiabatic space analysis. This
comparison is based on the usual dead volume to total volume ratios used in Stirling
engines.

Page 110 — Practical engines often have short cranks that lead to piston motions that vary
quite differently from sinusoidal motion (as assumed by the Schmidt analysis).

Page 117 — Using a Second Order approximation, fluid friction (flow) losses should be
less than 10% of basic power (within the desired range of operating speed). One can use
empirical correlations for fluid flow through porous media and tubes, to estimate flow
friction. These correlations are for steady, fully developed flow, so it is only an
approximation for fluid that is moving back and forth through heat exchangers and
regenerator. Also, the mass flow into and out of the regenerator is not quite in phase due
to accumulation and depletion of mass in the regenerator. And note that the mass flow at
the cold end is much more than the mass flow at the hot end due to the higher gas density.
The average mass flow rate and the average fraction of the total cycle time that gas is
flowing in one direction at the hot end of the regenerator is used for the heater flow
friction and heat transfer calculations. The average mass flow rate and the average
fraction of the total cycle time that gas is flowing in one direction at the cold end of the
regenerator is used for the cooler flow friction and heat transfer calculations. For the
regenerator, the mean of the above two flows and of the above two fractions will be used.

Page 121 — The so-called windage loss is the total pumping (flow) loss per cycle as the
gas passes through the heater, cooler and regenerator. During each cycle, the working gas
flows twice through these parts.

Page 122 — the so-called reheat loss is caused by regenerator inefficiency (non-ideal).
Page 143 to 152 — For Third Order methods there are four fundamental equations that
must be solved: continuity, momentum, energy, and equation of state. More specifically

these are (respectively): conservation of mass, Navier-Stokes fluid momentum equations,
energy balance, and p(V) = m(T) using normalizing parameters (Urieli).

Sensitivity Analysis (must-read)

A sensitivity analysis was done to determine how pressure drop across the regenerator
affects engine performance. In the model used, it is assumed that the percentage of
pressure drop across the regenerator is 80% of the total pressure drop across the heater,
regenerator, and cooler. In reality this percentage can vary between 70-90% according to
reference [3]. However, the range of 70-90% (although somewhat small) actually
represents a large range of pumping (flow) losses that can exist inside the engine. For
example, if the pumping loss in the heater and cooler is 100 W, and the pumping loss in

69



the regenerator is 70% of the total, this means that the total pumping loss is 100/(1-0.70)
= 333 W. And if the pumping loss in the regenerator is 90% of the total, this means that
the total pumping loss is 100/(1-0.90) = 1000 W — much higher! And with 80% pressure
drop the total pumping loss is somewhere in between. Therefore, it is very informative to
do a sensitivity analysis to see how the results are affected. Furthermore, covering a large
range of pumping loss also helps compensate for the sensitivity of the solution to the
specific pumping loss in the heater and cooler. For instance, with 100 W of pumping loss
in the heater and cooler there is a range of total pumping loss of 333-1000 W. But if (for
example) the pumping loss in the heater and cooler were 120 W, the range of total
pumping loss would be 400-1200 W. This range is quite a bit larger towards the high end.
But as it turns out, it will not make much difference in terms of the optimal number of
heater and cooler tubes, and regenerator void volume (for maximum power), as you shall
see.

In a nutshell, the sensitivity analysis I did shows that the optimal number of tubes (with
proportional regenerator void volume) resulting in maximum power is barely affected by
the range of 70-90%. This is a very useful result. It says that engine optimization is
almost entirely independent of the assumed percentage of pressure drop in the
regenerator! So the optimal number of tubes, assuming 80% pressure drop, will be the
same as if you had 70% or 90% pressure drop (and any pressure drop in between). And
by extension, a pressure drop outside this range, by a few percent, would probably still
not significantly change the optimal number of tubes.

Another interesting result of the sensitivity analysis is that the thermal efficiency at
maximum power is barely affected by the assumed percentage of pressure drop across the
regenerator.

But on the other hand, things like engine speed and the specific value of maximum power
are greatly affected by the range 70-90%. But correctly predicting power and speed is
perhaps not as important as correctly predicting the optimal number of tubes and
regenerator void volume, for maximum power. But it is still good to have a sense of the
range of power and operating speed anyway, given the possible range of regenerator
pressure drop. This will be shown in the following graphs.

The sensitivity analysis was done for an example engine configuration, using the input
data shown in Appendix G. Hydrogen and air was used as the working gas. | chose to use
these two gases because they approximately represent the two extremes of the working
gases you can use, in terms of properties. Most gases fall somewhere in between these
two, in terms of their properties. So it is easier to generalize the results based on the
results for air and hydrogen.

The following two graphs show the maximum power, versus number of tubes, with air
and hydrogen as the working gas. The results are given with 70, 80, and 90% pressure
drop across the regenerator. One can clearly see that the optimal number of tubes is about
40. For all three curves there is very little difference in maximum power for the (tube
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number) range 35 to 45. In other words, there is almost a perfectly flat plateau in this

range, for all three curves.
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Max. power vs. number of tubes - for Hydrogen
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Note that by adjusting the scale factor in the input file the average engine pressure was
kept the same for all the curves. This was done to ensure consistency. Since engine power
is directly proportional to average engine pressure, one can only compare engine power
between two configurations when the average engine pressure is the same.

Notice that the maximum power for hydrogen is much higher than the maximum power
for air. This is because hydrogen has a lower viscosity and much lower density than air,
resulting in much lower pumping (flow) losses.

As a rough estimate, you can approximate the percentage variation in maximum
engine power relative to the 80% pressure drop case. One can approximate the
percentage variation (for the general case) from the curves shown above. Looking at
the curves this variation is about +25%/-30%. So if the program predicts a power of
6800 W, the actual power may lie between 4800 and 8500 W. In addition, the heat
input requirement (for the heater), and heat removal requirement (for the cooler)
also varies by approximately +25%/-30%.

Given that this percentage variation is the same for air and hydrogen, you can say
that it is roughly the same for other working gases as well.
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The following two charts show the thermal efficiency corresponding to the maximum
power, for different numbers of tubes and for different pressure drops. Notice that there is
very little change in thermal efficiency for different numbers of tubes, and for different
pressure drops. This is informative because it says: 1) The percentage pressure drop
doesn’t affect the thermal efficiency at maximum power, and 2) An engine with less than,
or more than, the optimal number of tubes will have roughly the same thermal efficiency.
Also very interesting is that the efficiency for air and hydrogen is almost exactly the same
(even though the power for hydrogen is much higher, as shown in the above chart). This
says that the main advantage of using hydrogen instead of air is that it results in a higher
power density (even though thermal efficiency is not improved).
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Thermal efficiency at max. power vs. number of tubes - for Hydrogen
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The following two charts show the engine speed at maximum power, for different
numbers of tubes and for different pressure drops. These two charts show that lower
regenerator pressure drop results in higher engine speed. This makes sense since there are
lower pumping (flow) losses, which slow the engine down. In the same vein, hydrogen
results in higher engine speed than air, because it produces lower pumping losses.

As a rough estimate, you can approximate the percentage variation in engine speed
at maximum power relative to the prediction from the program (at 80% pressure
drop). One can approximate the percentage variation (for the general case) from the
curves shown here. Looking at the curves this variation is about +25%/-30%. So if
the program predicts that maximum power occurs at a speed of 40 Hz, the actual
speed may lie between 28 and 50 Hz.

Given that this percentage variation is the same for air and hydrogen, you can say
that it is roughly the same for other working gases as well.
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Engine speed at max. power vs. number of tubes - for Air
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For all the graphs shown above it is assumed that the regenerator is ideal (e; and g; = 0).
But | tested cases (not shown here) in which I changed ¢; and &, to non-zero values to see
the effect. | found that very little difference resulted in: 1) the optimal number of tubes
for maximum power, 2) the maximum power, and 3) the engine speed at which the
maximum power occurs. | also found that non-zero values of €; and &, resulted in roughly
constant thermal efficiency as the number of tubes increases. This is the same result as
for the ideal regenerator assumption.

The sole effect of changing the regenerator constants &; and ¢, is in the thermal and
cooling efficiency of the engine; meaning that extra heat must be added to the heater and
removed from the cooler to achieve the same performance. The same is basically true for
other thermal losses explained previously. In a nutshell, the sole effect of increased
thermal losses is increased heating energy and cooling load. And all other aspects of
performance such as power and speed are negligibly unaffected. By extension this means
that the number of tubes (and regenerator void volume) for maximum power, and the
calculation of flywheel mass (described previously) are independent of thermal losses.

Alternatively, given a fixed number of tubes and regenerator void volume, one can vary
the swept volumes until maximum power is reached. In other words, instead of gradually
incrementing the number of tubes and regenerator void volume, you gradually increment
the swept volumes until maximum power is reached. The corresponding swept volumes
then become the “optimal” value. However, the optimal swept volumes depend
somewhat on the (assumed) pressure drop across the regenerator. | looked at a specific
case and determined the optimal swept volume for 80% regenerator pressure drop. | then
used this swept volume for 70% and 90% pressure drop, and | found that the resulting
power is about 10% lower than the actual maximum power at these pressure drops (which
occurs at a different swept volume). This means that the optimal swept volume for 80%
pressure drop is not optimal for 70% and 90% pressure drop. For example, let’s say that
80% pressure drop results in maximum power at a swept volume of 600 cm®. At 70%
pressure drop the optimal swept volume may be 550 cm?®, and at 90% pressure drop the
optimal swept volume may be 660 cm®. If we were to use 600 cm® with 70% pressure
drop the resulting power would be 10% lower than the power at 550 cm?®. If we were to
use 600 cm® with 90% pressure drop the resulting power would be 10% lower than the
power at 660 cm®.

Clearly, the optimal swept volume is somewhat sensitive to the assumed regenerator
pressure drop. However, it is impractical to vary the swept volume with the intent of
maximizing power, anyway. The reasons for this are: 1) The optimal swept volume is
usually a very large number. For example, for 40 tubes you would need a swept volume
(in the expansion and compression space) of several thousand cubic centimeters (your
pistons would have to be huge), and 2) The corresponding thermal efficiency will be
significantly lower than if you had optimized engine power by varying the number of
tubes (and regenerator void volume).
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Therefore, it seems more realistic from a design perspective to keep the swept volumes
constant (fixed), and vary the number of tubes (and regenerator void volume) until
maximum power is reached.

As mentioned before, the optimal compression ratio for maximum power and thermal
efficiency is less than 2. This is based on what | read in the literature and the results of
the program. This ratio assumes that you are keeping the swept volumes constant and are
varying the number of tubes (and regenerator void volume) until maximum power is
reached. If you are varying the swept volumes instead, the maximum power occurs at a
much higher compression ratio (usually greater than three or four).

Therefore, the reason that optimal swept volume (with fixed number of tubes and
regenerator void volume) results in lower thermal efficiency is because of the Adiabatic
Loss phenomenon explained previously. The resulting higher compression ratio “pumps”
extra heat out of the heater and cooler, thereby lowering efficiency.

Here are some other interesting points to make:

e Changing the average engine pressure hardly affects the optimal number of tubes
(and regenerator void volume) for maximum power.

e Decreasing the temperature difference between the heater and cooler results in an
optimal number of tubes that is higher. For example, when the heater temperature
is 1000 K (and the cooler temperature is 293 K) the optimal number of tubes is
around 40. When the heater temperature is 573 K (and the cooler temperature is
293 K) the optimal number of tubes is around 60.

e If you increase the swept volume and minimum volume (in the expansion and
compression space) by a factor F, the optimal number of tubes and regenerator
void volume also increase by a factor F. So for the example given here, increasing
these volumes by a factor of two would result in an optimal number of tubes equal
to 80 (which is 40x2), and twice the regenerator void volume. However, this
assumes that we are keeping the dimensions of each tube the same. This can be
very useful to know assuming you have already optimized a particular engine
configuration and simply want to increase the “size” of the engine.

e At the engine frequency for maximum power, the temperature and pressure inside
the engine is not affected by the choice of regenerator pressure drop (70, 80, or
90%). In other words, the temperature and pressure stays almost exactly the same
regardless of which percentage pressure drop is assumed for the regenerator.
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Analyzing the Program Results (must-read)

The ‘results’ file contains all the performance data calculated by the program. It contains
information such as temperature and pressure for different engine speeds, as well as
power output, torque, and thermal efficiency for different engine speeds. You will have to
manually scroll through the ‘results’ file to see where everything is and how it’s
organized. | made an effort to include everything you would need to know, or at least be
curious about, when making design decisions.

The ‘results’ file can be as much as 30-60 MB (megabytes) in size depending on the
(predicted) range of engine frequencies.

The ‘results’ file can be opened with Notepad or WordPad. To do this, click the file with
your right mouse button. Choose “Open”, select Notepad or WordPad, and then click OK
to open the file. If using Notepad, make sure “Word Wrap” (in the Format menu) is not
selected.

The ‘results’ file contains the program input at the very top. This way, you know the
input corresponding to those results.

Engine data for different frequencies is separated by lines of asterisks denoted by: “*****
seskoskoskosk skeskeskeskosk sheskoskokosk skeskeskeskeosk skeskeoskoeokosk skskeskesksk *****”.

The following headings are taken directly from the ‘results’ file. They correspond to
engine data for each frequency, at different crank angle positions over a cycle. I will
explain what they mean:

“Crank angle(deg)” — This is the angle of rotation of the crankshaft, in degrees. A full
rotation occurs between 0 and 360 degrees. This represents one full engine cycle.

“Time(s)” — This is the elapsed time, in seconds. A full rotation takes 1/f seconds to
complete (where f is the engine frequency in Hz). This is the time it takes the crankshaft
to rotate 360 degrees.

“Exp space temp(K)” — This is the temperature of the working gas inside the expansion
space, in Kelvins (Kelvins = (degrees Celsius) + 273.15).

“Comp space temp(K)” — This is the temperature of the working gas inside the
compression space, in Kelvins.

“Mass in Exp space(kg)” — This is the mass of the working gas inside the expansion
space, in kilograms.

“Mass in Comp space(kg)” — This is the mass of the working gas inside the compression
space, in kilograms.
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“Volume in Exp space(m”3)” — This is the volume inside the expansion space, in cubic
meters.

“Volume in Comp space(m”3)” — This is the volume inside the compression space, in
cubic meters.

“Exp space pressure(Pa)” — This is the absolute pressure of the working gas inside the
expansion space, in Pascals.

“Comp space pressure(Pa)” — This is the absolute pressure of the working gas inside the
compression space, in Pascals.

“Dead volume pressure(Pa)” — This is the absolute pressure of the working gas inside the
dead volume, in Pascals. The dead volume is defined here as the combined space in the
heater, cooler, and regenerator.

“Heat into heater(J)” — This is the total heat energy that goes into the heater, in Joules.
For example, let’s say at a crank angle of 130 degrees, this value is equal to 1450 J. This
means that at 130 degrees the total heat energy that went into the heater (between 0 and
130 degrees) is equal to 1450 J. According to the sign convention used for the heater, a
positive value means that heat goes into the heater, and a negative value means that heat
goes out of the heater. Obviously, this value is always going to be positive.

“Heat to regenerator(J)” — This is the total heat energy that goes into the regenerator, in
Joules. According to the sign convention used for the regenerator, a positive value means
that heat goes into the regenerator, and a negative value means that heat goes out of the
regenerator. For an ideal regenerator this value is zero. For a non-ideal regenerator this
value is negative.

“Heat removal from cooler(J)” — This is the total heat energy that goes out of the cooler,
in Joules. According to the sign convention used for the cooler, a positive value means
that heat goes out of the cooler, and a negative value means that heat goes into the cooler.
Obviously, this value is always going to be positive.

“Total engine volume(m”3)” — This is the total engine volume, in cubic meters. This is
equal to: (volume in the expansion space) + (volume in the compression space) +
(volume in the heater) + (volume in the regenerator) + (volume in the cooler). The first
two terms in brackets change over time, and the last three remain constant over time.

“Total net work(J)” — This is the total net work produced by the engine, in Joules. This
value for net work assumes that there is no pressurized buffer space, and that the engine
IS acting against zero outside pressure (in reality there is atmospheric pressure, but it’s
generally very small compared to the pressure inside the engine, so its effect can be
neglected). If there were a pressurized buffer space, the net work would follow a different
trend relative to crank angle. This is because the buffer space pressure “pushes” against
the engine pistons with great force. However, the net work at the end of the cycle (at 360
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degrees) is the same whether or not there is a pressurized buffer space. This is because
atmospheric pressure or buffer space pressure (assumed constant), contribute zero net
work over one full cycle. This is explained in more detail in the math section.

Following the chunk of data for engine performance (described above), there is additional
information found immediately below it. This is described next:

“Engine speed (Hz)” — This is the engine speed corresponding to the chunk of data
located directly above it, in Hz (cycles-per-second).

“Output power (W)” — This is the output power of the engine, in Watts.
“Heat into heater (W)” — This is the rate of heat energy added to the heater, in Watts.

“Heat to regenerator (W)” — This is the rate of heat energy added to the regenerator, in
Watts. For an ideal regenerator this value is theoretically equal to zero. For a non-ideal
regenerator this value is negative.

“Heat removal from cooler (W)” — This is the rate of heat energy removed from the
cooler, in Watts.

“Approximate Pumping loss (W)” — This is the approximate pumping power inside the
engine due to flow losses, in Watts.

“Thermal efficiency (%)”— This is the thermal efficiency of the engine, which is equal to:
100x(Output power, in Watts)/(Heat into heater, in Watts).

“The average engine pressure (Pa)” — This is the calculated average engine pressure
(absolute pressure) in the dead volume (heater, regenerator, and cooler space), over one
cycle, in Pascals. This pressure is usually midway in between the expansion and
compression space pressure so it makes sense to use this in the calculation for average
engine pressure.

“The exp space work per cycle (J)” — This is the net work produced by the expansion
space over one full cycle, in Joules. A positive value means that the expansion space
produces more work energy during expansion than it provides for compression. This
value must always be positive for the engine to run, since this is the space that provides
enough ‘kick” to push the engine through the “compression” stage.

“The comp space work per cycle (J)” — This is the net work provided by the compression
space over one full cycle, in Joules. A negative value means that the compression space
provides more work energy for compression than it produces during expansion. This
value is always negative, since this is the space that must “pump” heat out of the cooler in
order to allow reheating of the working gas, thus allowing the cycle to repeat.
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“The net work per cycle (J)” — This is the net work produced by the engine over one full
cycle, in Joules. This is equal to the total net work at a crank angle of 360 degrees (the
end of the cycle). This is also equal to the expansion space work plus the compression
space work, over one cycle.

“The compression work for Vmax-to-Vmin (J)” — This is the total net work between 0
and 180 degrees (of crankshaft rotation), in Joules. Note that O degrees is the point of
Vmax (which is the maximum (total) engine volume), and 180 degrees is the point of
Vmin (which is the minimum (total) engine volume).

“The expansion work for Vmin-to-Vmax (J)” — This is the total net work between 180
and 360 degrees (of crankshaft rotation), in Joules.

Next, scroll down to the bottom of the ‘results’ file. The description of the following
items is given:

“The heater volume (m”3)” — This is the total volume of the heater tubes/passageways, in
cubic meters.

“The cooler volume (m”3)” — This is the total volume of the cooler tubes/passageways, in
cubic meters.

“Assuming an ambient temp. of roughly 20 deg C, initially pressurize the engine to a
gauge pressure (psi) of” — This is the initial pressure to "charge™ the engine in its "cold"
state, so that when the engine is warmed up and running its average working pressure is
the same as what is specified in the input file. This gauge pressure assumes you are
pressurizing the engine with gas at 20 degrees Celsius (or close to it). It is also assumed
that, during pressurization, the pistons will move outwards as far as they can go, and the
internal engine volume will therefore be at its maximum possible value. This will likely
be true for high pressure engines. However, given the limitations of these assumptions it
may be best (in some cases), to use a control system to pressurize the engine until the
measured average engine pressure equals the specified average engine pressure, from the
input file.

The remaining data is self-explanatory.
The data from the ‘results’ file can be copied and pasted into a spreadsheet, like Excel.
The data can then be converted into columns for plotting purposes. In Excel this is done

using the “Text to Columns” function, in the “Data” menu.

The following six figures show examples of graphs created using data from the ‘results’
file, using the example engine configuration given in Appendix G.
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Power, Torque, and Thermal Efficiency vs. Speed - for Air
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Engine data at an engine speed of 118 Hz - for Hydrogen
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Expansion space - for Hydrogen, at an engine speed of 118 Hz
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The following two graphs show why the mass of the flywheel can be much less when
using a pressurized buffer space, as compared to no pressurized buffer space (i.e. the
engine is exposed to the atmosphere).

The sample graph below shows the total net work as a function of crank angle when there
is no pressurized buffer space.

N Net work over a cycle
Engine volume (m”) Work (J)

0.0005 3000

0.00045 -.._\ /,-— 2000
0.0004 1000

\ //_ — Total engine volume
0.00035 0

= Total net work

0.0003

\\/ / -
0.00025 \ / -2000
v

0.0002 -3000

0.00015 T T T T T T — -4000
0 50 100 150 200 250 300 350

Crank angle (degrees)

Now, if we were to add a pressurized buffer space with pressure equal to the average
engine pressure, the total net work (as a function of crank angle) would follow a different
profile, as shown in the sample graph below.
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As you can see in the above graph the total net work at the end of the cycle (360 degrees)
is exactly the same as in the no-pressurized-buffer-space case. But what’s different is that
the peaks in between are much less. This means that the flywheel does not have to absorb
and release as much energy during a cycle to maintain a certain speed threshold.
Therefore, it can be made lighter.

To summarize, the following important points are made regarding the program results in

general

The maximum engine pressure occurs in the compression space (this is perhaps a

bit non-intuitive).

For lower engine speeds the pressure difference between the expansion,
compression and dead volume becomes smaller. For higher speeds the pressure
differences become larger. This is due to the effect of pumping (flow) losses.

At very low speeds (1-5 Hz) the program results are almost identical to those
predicted by the Ideal Adiabatic Analysis. This analysis is available using a web-

based simulator at:

http://mac6.ma.psu.edu/stirling/simulations/ldeal Adiabatic/index.html#programs.

You enter the engine data in a browser window and the server crunches the
numbers for you. The results are then output in the same browser window.
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However, this analysis assumes that there are no pumping (flow) losses, and the
regenerator is ideal.

Note that the speed at which maximum engine power occurs will not usually
coincide with the speed at which there is maximum thermal efficiency. For
example, at lower engine speeds you have the greatest thermal efficiency but the
power is low. But the only way to get more power is to allow the speed to
increase, even though thermal efficiency is sacrificed somewhat.

The reason there will be a maximum engine speed for each design is due to
pumping (flow) losses inside the engine. Flow losses increase with increasing
engine speed. So as the speed increases, the power output increases until a
maximum is reached. Beyond this, the power decreases until it reaches zero. The
speed where the power reaches zero is the maximum speed. An engine speed
faster than this will result in negative net power. But in reality, this just means
that the power produced by the engine is insufficient to overcome the internal
pumping losses. The program truncates the simulation once negative power is
reached. This final speed is sometimes called the “free speed”.

Negative power output at a frequency of 1 Hz means that there is too much
pumping (flow) loss in the engine and it won't even start.

With the program you can estimate the minimum pressure needed for the engine
to start running (at 1 Hz and faster). For instance, if you know how much
mechanical friction loss there is in the engine (by taking measurements), you can
determine the minimum power (and therefore pressure) needed to overcome that.

The engine torque (in newton-meters) is the engine power (in watts) divided by
the angular speed. The formula for this is:

Torque = POWET

where f is the engine speed in Hz, and &t = 3.14159.

However, if you’re using the engine to run a generator then power is what you
want to maximize (not torque), since maximum power is what generates
maximum electrical energy.

For €1 = 0 and g, = 0 the theoretical heat to the regenerator is zero (over one
cycle). In the ‘results’ file, the heat to the regenerator is not quite zero but is very
close to it. This is merely a small numerical error in the calculation due to the
program running until cyclic-steady-state is “almost” satisfied (within a certain
numerical tolerance). The tighter the numerical tolerance, the closer to zero the
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heat to the regenerator will be. But gains in accuracy are insignificant beyond a
certain point, meaning that any slight improvement in solution accuracy is not
worth the extra computation time. So just know that for &1 = 0 and &, = 0, the
theoretical heat to the regenerator should be exactly zero. But for all practical
purposes, the small discrepancy is insignificant.

e For each frequency there is a specific output power. This output power
corresponds to constant engine speed at that frequency. Physically, this means
that there must be a generator or load connected to the output shaft in order to
maintain the constant speed. If this load were released the engine would
accelerate (increase in speed) until it reaches the final speed at which the output
power is zero. This is the point at which the engine power equals the internal
pumping losses (in reality, the engine power equals the internal pumping losses
plus mechanical friction losses - but these aren’t accounted for in the model).

e When pressurizing the buffer space with a pump, the pressure reading is the gauge
pressure. So if you want to pressurize the buffer space to the average engine
pressure (given in the ‘results’ file), you must pressurize until the reading on the
pump equals the average engine pressure minus the atmospheric pressure
(atmospheric pressure is 101,300 Pa, or 14.7 psi).

e One way to increase the engine power by a factor F is to increase the engine
volume by a factor F (keeping engine pressure the same). Specifically, this means
that you: (1) increase the swept volumes in the expansion and compression space
by a factor F; (2) increase the minimum (clearance) volumes in the expansion and
compression space by a factor F; (3) increase the number of heater and cooler
tubes by a factor F (keeping their diameter and length the same); and (4) increase
the regenerator volume by a factor F. As a result, an optimized design will still be
optimized after the engine has been scaled up, so you don’t have to go through the
optimization process again.

e Note that engine power increases (roughly) proportional to average engine
pressure. So doubling the average pressure doubles the engine power.

e Changing engine pressure has a small effect on thermal efficiency.

e Pumping (flow) losses reduce thermal efficiency. The faster the engine runs, the
lower the thermal efficiency.

Summary of units used (must-read)

As a quick reference, the units used in the input and ‘results’ file are defined as follows:

(cm) — centimeters

(cm”2) — square centimeters
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(cm”3) — cubic centimeters

(deg) — degrees (°)

(Hz) — Hertz (engine frequency in revolutions-per-second)
(J) — Joules (unit of energy)

(kg) — kilogram

(K) — Kelvin (unit of temperature: Kelvin = (degrees Celsius) + 273.15)
(m~3) — cubic meters

(N.m) — (unit of torque: newton-meters)

(Pa) — Pascals (unit of pressure)

(psi) — (unit of pressure: pounds-per-square-inch)

(s) — seconds

(W) — Watts (unit of power: Joules-per-second)

And note that rpm (revolutions-per-minute) is equal to engine-frequency x 60.

If you want to convert any of the units to something you are more familiar with, you can
do this without too much hassle at the following website:

http://www.onlineconversion.com/

Troubleshooting (must-read)

If the program doesn't run, or you think the results are messed up in some way, the input
file should be the first place you look. Some things to consider are: 1) negative numbers
are not allowed anywhere; 2) only positive integers should be used for the number of
tubes (e.g. 36, not 36.0); 3) all numbers besides the number of tubes should be real
numbers (e.g. 28.0, not 28); 4) there should be no blank lines inserted anywhere between
the lines of input; 5) make sure your numbers physically make sense and that they
correspond to the required units.
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Stirling Engine Thermodynamics (optional) [1]

The mathematical model used in the program is a simplified “third-order” model in
which the different physical interactions, such as pumping (flow) losses, are part of a
system of equations that are solved simultaneously.
The following assumptions are made in the model:

e The expansion and compression space is adiabatic (there is no heat loss from the
working gas to the cylinder walls and environment — this is a good approximation
since the rapid shuttling of gas into and out of these spaces reduces the time it
takes for heat loss to take place).

e The dead space is isothermal (note that the dead space is defined here as the space
in the heater, regenerator, and cooler).

e The dead space pressure is uniform at any time (there are no gradients).

e The volume variations are sinusoidal.

e Gas inertia effects are negligible.

e Engine wall temperatures are constant with time.

e There is no leakage of the working gas from the engine (perfect sealing).

e The percentage pressure drop across the regenerator is 80% of the total pressure

drop across the heater, regenerator, and cooler [3]. This percentage is assumed
constant during every part of the cycle.

Refer to the figure below when following along in this section.

Note that the figure below shows an alpha configuration, but it is not exactly the same
as the alpha configuration shown on page 16. This is a moot point since the figure
below is drawn differently only for purposes of convenience and ease of labeling.
Note also that the mathematical and thermodynamic formulation shown in this

section also applies to engines with a beta and gamma configuration. As it turns out,
the formulation is exactly the same for all three of the engine configurations.
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In the above figure, he and h. are convection coefficients. These are equal to zero for no
heat loss.

From the First Law of Thermodynamics, we can write the following energy equation for
the working gas inside the expansion space:

dv, dm,
_|_
dt dt

E (merTe) = _Pe

” C, T (1)

Where:

m, = the instantaneous mass of the working gas inside the expansion space

C, = specific heat of the working gas

Te = the instantaneous temperature inside the expansion space (assumed uniform, no
gradients)

Pe = the instantaneous pressure inside the expansion space (assumed uniform, no
gradients)

V. = the instantaneous volume inside the expansion space

C, = specific heat of the working gas

Ts = the temperature of the working gas at the interface between expansion space and
heater. This temperature is equal to the expansion space temperature when the gas exits
this space. This temperature is equal to the heater temperature when the gas enters this
space (from the heater). This can be expressed mathematically (see below).
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The term on the left of the above equation is the energy storage term for the expansion
space. The first term on the right is the energy added due to the physical expansion and
compression of the expansion space volume, due to the piston motion. The second term
on the right is the enthalpy term due to gas entering and exiting the expansion space.

Now,

T, =T

fe heat

; e

If ot >0

Theat = the heater temperature, a constant

This says that for mass flow into the expansion space the interface temperature is equal to
the heater temperature, and for mass flow out of the expansion space the interface
temperature is equal to the instantaneous temperature of the expansion space.

Mathematically, we can express Ts as a single function, which can conveniently be used
in the program:

dm, /dt
abs(dm, / dt)

Tfe :Te +%(l+ )'(Theat_Te)

where “abs” means “the absolute value of”. This function correctly gives the interface
temperature based on the direction of mass flow.

The ideal gas law for the expansion space is:
PV, =m,RT,

where R is the gas constant of the working gas. This equation can be solved for P, and
substituted into the energy equation (1) for the expansion space.

Similar to before, we can write the following energy equation for the working gas inside
the compression space:
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dV, dmCchC )

d
—(m.c,T,)=-P +

dt

Where:

m. = the instantaneous mass of the working gas inside the compression space

T, = the instantaneous temperature inside the compression space (assumed uniform, no
gradients)

P. = the instantaneous pressure inside the compression space (assumed uniform, no
gradients)

V. = the instantaneous volume inside the compression space

T = the temperature of the working gas at the interface between compression space and
cooler. This temperature is equal to the compression space temperature when the gas
exits this space. This temperature is equal to the cooler temperature when the gas enters
this space (from the cooler). This can be expressed mathematically (see below).

The term on the left of the above equation is the energy storage term of the compression
space. The first term on the right is the energy added due to the physical expansion and
compression of the compression space volume, due to the piston motion. The second
term on the right is the enthalpy term due to gas entering and exiting the compression
space.

Now,

T =7 if I g
dt
dm,

>0

ch — Tcool If

Teool = the cooler temperature, a constant.

This says that for mass flow into the compression space the interface temperature is equal
to the cooler temperature, and for mass flow out of the compression space the interface
temperature is equal the instantaneous temperature of the compression space.

As before, we can express T as a single function:
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dm, /dt
abs(dm_ /dt)

The ideal gas law for the compression space is:

PV, =m_RT,

ch :Tc +%(1+ ) (Tcool _Tc)

This equation can be solved for P, and substituted into the energy equation (2) for the
compression space.

Even though the expansion and compression space both experience physical “expansion”
and “compression” during a cycle, one is called the “expansion space” because it
produces net expansion work (meaning net work “pushing” the piston outwards during a
cycle), and the other is called the ‘“compression space” because it requires net
compression work (meaning net work “pushing” the piston inwards during a cycle). This
is how Stirling engines work, by using one space to produce work (by expansion of hot
gas), and the other space to “compress” and cool the gas so that the cycle can repeat. Net
overall power is produced because the net output power produced from the expansion
space is greater than the net power required to compress the (cooler) working gas in the
compression space.

Given that we are modeling a kinematic engine, with prescribed piston motions, we can
express the volume variation in the expansion and compression space as follows.

(It is worth nothing that for a Ross Yoke mechanism, the piston motion produced is
almost perfectly sinusoidal. And other mechanisms such as the “crank drive” produce
piston motion that is close to sinusoidal).

For the expansion space:

V,=V_. _ +052-V,, . +05V

swept,e

minge swept,e Sln(27z‘f -1 +IB)

For the compression space:

V.=V . +052.V

minc swept,c

+0.5.V

swept,c

-sin(24f -t)

Where:

Vmine = the minimum volume in the expansion space
Vminc = the minimum volume in the compression space

94



Vswepte = the swept volume in the expansion space
Vswept,c = the swept volume in the compression space
f = the engine frequency (speed) in Hz

t = time, in seconds

S = phase difference

2nf -t = the crank angle of rotation

The factor 0.52 is important to avoid numerical instability. If Vi, = 0, the factor 0.52
ensures that Ve and V. > 0 by a sufficient amount to avoid the numerical instability that
would result if Ve and V. equal zero. This means that a minimum dead volume of
0.02XVgwept 1s always included in the expansion and compression space. This “artificial”
dead volume is large enough to prevent numerical instability (in case the user prescribes
Vmin = 0 in the input), but it is also small enough to not affect the accuracy of the solution
by a significant amount. In reality, a minimum dead volume is necessary in the expansion
and compression space anyway because it prevents the pistons and displacers from hitting
the bottom of the cylinders, or colliding with each other.

Next, we differentiate the expansion and compression space volumes with respect to
time.

ave =05V

dt swept,e

27f -cos(2Af -t+ )

and

ave =0.5V

dt swept,c

278 -cos(24 -t)

The equations for Ve, V., dV/dt, and dV/dt can be substituted directly into the energy
equations (1) and (2) given above.

Next, we look at conservation of mass inside the engine.

The mass of the working gas in the engine is assumed constant (no leaks). Therefore

m, +m, +m, =constant

where myq is the instantaneous mass of the working gas inside the dead space (the heater,
regenerator, and cooler space).
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Differentiating with respect to time we get a mass flow-rate equation:

dm, dm, dm,
+ + =0 (3)
dt dt dt

The ideal gas law for the dead space is:

PV, =m,RT,

Differentiating the above equation with respect to time we get:

dm, V, dP,
dt  RT, dt

where V4 , T4 and R are constants. The above equation is substituted directly into the
mass flow-rate equation (3). The expressions for V4 and T4 are given below.

The average temperature inside the dead space is given based on the volume proportions
of the heater, regenerator, and cooler:

Vy
Van _|_Vdc +
T T

Ty =

Vdr
T

cool reg

heat

Vg4 is the total volume of the dead space, which is, the heater volume plus the regenerator
void volume plus the cooler volume. This is given by:

Vg =V +Vyr +Vg

Treg IS the effective (constant) temperature inside the regenerator, and is given by:
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_ (1_ gl)Theat B (1+ &, )Tcool
e In (1_ gl)Theat
A+e&,)T

T

cool

where ¢; is the effectiveness of the regenerator on the heater side, and ¢, is the
effectiveness of the regenerator on the cooler side (explained previously on page 34-36).

We can relate the mass flow rate in the expansion and compression space to pressure
drop, as follows:

dm,
dt

dm,
dt

= Kde(Pd B Pe)nde

= ch(Pd _ I:)c)ndC

where Py is the dead space pressure and Kge , Kgc , Nde, and ndc are constants.
Due to the error that results in Fortran when raising a negative number to an exponent,

the above two equations must be modified to deal with the cases where (P4 — Pe) and (Pqg
— P¢) are negative. The modified equations are:

(P —F.)
abs(P, - P,)

dm,
dt

= K, abs(P, —P,)"".

dm, _ K abs(P, —P,)". (R —F)
dt abs(P, —P.)

where “abs” means “the absolute value of”.
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The above two equations are substituted directly into the mass flow-rate equation (3), and
the two energy equations (1) & (2). The resulting mass flow-rate equation and the two
resulting energy equations can then be solved together to give a solution.

As a reminder, Py is the pressure inside the heater, regenerator, and cooler. The pressure
inside these spaces is treated as the same everywhere (uniform) and is lumped together as
a single pressure.

P4 can be thought of as the average pressure at any point in time within the dead space.
This simplifies the calculations from the point of view of the expansion and compression
space, and reasonably accounts for pumping (flow) losses without introducing a lot of
complexity.

The above two equations make sense intuitively because pressure difference (also
referred to as “pressure drop”) across the expansion/compression space and dead space
causes the working gas to flow. And the direction of flow will depend on the sign of the
pressure difference (either positive or negative).

The values nde and ndc are assumed constant for every engine condition. The values nde
and ndc are set equal to 5/9. This results in a best “fit” for the equations and is in fact a
good approximation.

The values Kg and Ky are calculated as constant only for different engine speeds and
different swept volumes (flow rates). The reasoning for this is based on my own
calculations. | calculated the values of Kqe and Ky for different speeds and have found
that they change little. In other words, the Kg and Ky values are fairly constant for
different flow rates. | evaluated them at an engine speed of f = 10 Hz, which results in a
slight overestimate of pressure drop (and pumping loss), especially at higher engine
speeds.

It is very convenient that Kg. and Ky are roughly constant for different flow rates. By
extension, this means that they are also roughly constant for all points in the engine cycle,
where the working gas is moving at different speeds depending on the velocity of the
pistons/displacers (which changes with time). This greatly simplifies the computations.

However, Kge and Kg. change for different heater and cooler tube dimensions, number of
tubes, regenerator configuration, type of working gas, and engine pressure.

Next, I’'m going to discuss the details of how Kge and Kg. are calculated. In the program
Kge and Ky are first calculated for the heater and cooler, and then modified to account for
the pressure drop across the regenerator.

In the expansion space the average mass flow rate can be estimated by:
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avg
dm™ _ v

dt swept,e

. p-2f

In the compression space the average mass flow rate can be estimated by:

dm?"?
dt

where

:szept,c P 2f

f is the engine speed (a value of 10 Hz is used)
p is the average density of the working gas
The factor “2” is in the equations because the gas (in the expansion and compression

space) is “swept” into the dead space in half a cycle.

The average gas density in the heater is:

f  RTym

heat

The average gas density in the cooler is:

P

avg

P=RT

cool
where

Pavg = the average pressure inside the dead space, over one cycle

I:)avg =f- G I:)d (t) dt)

Physically, this is the area under the pressure curve divided by the time interval for one
cycle, which is 1/f.
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Note that if Pd (t) dt means “the integral over a complete cycle” — taken between a

crank angle of 0 and 360°. It’s a convenient form of notation. However, the more exact
representation is:

360°

J Py (t)dt

The pressure drop across the heater and cooler is estimated using pressure drop
correlations for steady internal flow [2]. However, this is not exactly representative of the
oscillating flow conditions inside a real engine, but for modeling purposes it will suffice.
And it is in fact common practice to make this assumption.

Pressure drop is calculated from the following equation [2]:

2
AP = f Am
2D

Where:

f. = the friction factor (for each heater and cooler tube, given below)

L = the total flow length of each tube (for the heater and cooler)

D =the inside hydraulic diameter (for each heater and cooler tube, given below)

p = the average gas density (in the heater and cooler)

um = the average flow speed of the working gas (in each heater and cooler tube, given
below).

The hydraulic diameter is:

5_4A
P

W

where A. is the cross-sectional area of each heater and cooler tube, and P, is the wetted
perimeter.

The pressure-drop AP for the heater is (approximately) the same as the pressure
difference between the expansion space and the dead space pressure Pgy. This pressure
difference is given as:
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AP, =P, —P,

The pressure-drop AP for the cooler is (approximately) the same as the pressure
difference between the compression space and the dead space pressure Pq. This pressure
difference is given as:

AP, =P, —P,

The average flow speed of the working gas in each heater and cooler tube is given by:
dm, / dt
U, =—"-—""
PA,

where A. is the cross sectional area of each heater and cooler tube, and p is the average
gas density in the heater and cooler.

For each heater tube:

dm, 1 dm2®

dt N, dt

e

For each cooler tube:

dm, 1 dm;™
dt N. dt

c

where N is the number of tubes/passageways in the heater, and N. is the number of
tubes/passageways in the cooler.

The friction factor is given as [2]:

fr = (0790 In Re D —1.64)_2 (friction factor for smooth surfaces)
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where

Rep _ AnD
U

where p is the fluid viscosity

(Reynolds number for steady flow)

6
The equation for f, is valid over the range 3000 < ReD < 5 ><10 . Note that
this range is well within the operating range of a typical Stirling engine.

The above equations are for turbulent gas flow in the heater and cooler tubes. Turbulent
representations of gas flow in Stirling engines are experimentally validated, and fit well
with performance data [1].

In the cases where Rep < 3000 (low engine speed or low gas density in the engine, such
as with hydrogen) the friction factor used is invalid. However, for Rep < 3000 the
pumping loss in the engine is generally small enough so that the amount of error is
negligible, and the program output isn’t significantly affected. Pumping loss only
becomes significant with higher engine speeds (higher Rep), where the above friction
factor is valid.

We can now solve for Kg and Kgc for the heater and cooler tubes, in the following
equations (using the values calculated previously).

avg
dm,

= K, (AP,)"
dt de( e)

dmfvg ndc
T — ch(APc) ;

It is worth mentioning that the value of 5/9 that | used for nde and ndc is very close to the
value recommended in reference [1], which is 1/1.75.

For calculations with some numerical solvers it can be better to use the fractional value of
5/9 instead of its numerical equivalent (0.5555). For instance, the value:

X = A****® may give an error for X, when A <0.
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However, when
X = (AY®)° | the correct value will be returned by (some) solvers, when A < 0.

This is just a mathematical trick to get around the limitations of certain solvers. In Fortran
I found that I had to use the “abs” function to deal with the case where A < 0. However,
for Excel, | found that it was able to handle X = (AY°)°, when A < 0.

The pressure drop AP is the same across each tube in the heater, and each tube in the
cooler. And the total pumping loss across the heater and cooler is simply the pumping
loss across each tube multiplied by the number of tubes.

Pumping loss is proportional to pressure drop. It refers to the power required to “pump”
the working gas through the tubes, against a pressure difference.

Let’s consider how the number of tubes affects pumping loss.

Increasing the number of tubes decreases pumping loss. This may seem counterintuitive
since there are more tubes to push the gas through. However, a greater number of tubes
means slower gas velocity per tube, and since pumping loss is proportional to gas-
velocity-squared, the resultant decrease in pumping power will dominate.

However, increasing the number of tubes increases dead volume, which decreases power.
So a point is reached where the power gained from reduced pumping loss is overwhelmed
by power lost from increased dead volume. Naturally, there is an optimal middle ground.

We must now take into account the pressure drop across the regenerator. To do this we
must introduce a correction factor, which is multiplied by the Kge and Kg. values already
calculated for the heater and cooler.

The correction factor accounts for the additional presence of the regenerator, which as
mentioned, is assumed to contribute (on average) 80% of the total pressure drop across
the heater-regenerator-cooler, over a cycle [3]. More specifically this means that, the
proportion of pressure drop averaged over a cycle is assumed to be roughly constant over
different operating regimes. These operating regimes include different engine speeds, and
different numbers of heater and cooler tubes, with proportional regenerator void volume.

Since pumping (flow) loss is directly proportional to pressure drop, it follows that, over
one cycle, the pumping loss across the regenerator is about 80% of the total pumping
loss.

It is much easier to account for the regenerator pressure drop using a correction factor for

Kge and Kgc than account for the regenerator pressure drop using difficult mathematics.
Indeed, many have tried.
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To find the correction factor, consider the following ratio:

pressure drop across heater + cooler

total pressure drop across heater + regenerator + cooler

This says that the pressure drop across the heater and cooler is 20% of the total pressure
drop across the heater-regenerator-cooler. This is equivalent to saying that the regenerator
accounts for 80% of the total pressure drop.

Without loss of generality, we can assume the working gas is flowing from the
compression space to the expansion space in the following calculations. This direction of
flow means that P, is greater than Py, and Py is greater than Pe.

Using the values calculated previously, the pressure drop across the heater is:

1
dm nde

e

(P =PR)=| dt 4 (A

de

And the pressure drop across the cooler is:

1

dm ndc

c

(P.—P)=| 94 ®)

dc

We can represent the pressure drop across the heater + regenerator + cooler by
multiplying Kge and Kgc by a correction factor A.

Kde —> 7\. Kde

ch —> 7\. ch
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Therefore, the modified pressure drop across the heater becomes:

1

dm nde

e

(R-P)=| %k ©

And the modified pressure drop across the cooler becomes:

1
dm ndc

C

(Pc_Pd): at le (D)

Therefore, the pressure drop across the heater + regenerator + cooler = C + D.

And the pressure drop across the heater + cooler = A + B.

Therefore, from the ratio given previously we can write:

A+B
C+D

Assuming nde = ndc = 5/9, and solving, we get:

0.2

5/9
A=(0.2)
We can now re-calculate Kge and Ky using the correction factor A.

Note that certain values of Kge and Kgc will result in numerical instability, meaning that
the solution will “explode” numerically into extremely large numbers. This is a
consequence of the nature of the equations and is unavoidable. Fortunately, these values
of Kge and Ky correspond to unrealistic tube dimensions anyway — for example, tubes
that are a few centimeters in diameter.
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Lastly, we can evaluate the approximate pumping (flow) loss in the engine. This is given
by the following pumping loss equation:

I:)Ioss — (i{ AI:)edve +§Apcdvc) - f

where dV, and dV. are differential changes in the expansion space and compression
space volume, respectively. And,

AP, =P, —P,
and

AP, =P, —P,

Note that for every point in the cycle:

AP,dV, <0

And similarly, for every point in the cycle:

AP.dV, <0

The above two terms are always negative, even if the flow changes direction. This is
mathematically very convenient when solving for pumping loss in the program.

As a side note, there is greater pumping loss in the cooler than the heater because of the
higher density of the working gas inside of it (due to the lower temperature). This
becomes evident when looking at the equation for pressure drop, which is proportional to
density.

These formulations for pumping loss are based on a quasi-steady flow assumption
through the heater-regenerator-cooler. In reality the flow is unsteady and mass can
accumulate inside the heater, regenerator, and cooler due to unequal piston and displacer
motion. No doubt, trying to accurately account for this will add serious complexity to the
above formulations. However, most of the motion of the working gas is comprised of
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movement in two directions through the heater-regenerator-cooler; either from left to
right, or right to left. So this approximation is reasonable.

The pumping loss equation given above is a representation of the internal engine losses.
It is solved separately and independently of the solution itself. Flow loss effects are
accounted for implicitly in the solution and their approximate sum is given by the
pumping loss equation. It is evaluated merely for information purposes so you have an
idea of how much pumping loss there is.

It should be noted that the power in the (theoretical) absence of pumping loss is not the
same as the power with pumping losses plus the pumping losses. For example, if at a
certain frequency the power is 1200 W and the pumping loss is 560 W, the power at this
frequency (in the absence of pumping losses) is not 1760 (1200 + 560). The reason for
this is because pumping losses change the pressure distribution inside the engine. And
since pumping loss depends on pressure distribution, it cannot simply be added to the
power to predict the zero-pumping-loss power. For lower engines speeds (1-5 Hz) you
can add the two together and obtain a good estimate of zero-pumping-loss power, but for
higher speeds you cannot do this. The pressure distribution changes too much to give a
good estimate.

Pumping (flow) losses reduce the power output of a Stirling engine in two ways: (1) By
reducing the power output from the expansion space, and (2) By increasing the
compression power required for the compression space. The power output of the
expansion space minus the compression space power is the (net) power output of the
engine. So it makes sense that decreasing one and increasing the other will result in
reduced net power output. In addition, pumping losses have another consequence. They
reduce the heat input requirement and increase the cooling requirement. In other words,
as pumping losses increase, less energy is added to the heater and more energy is
removed from the cooler.

There is a serious lack of comprehensive data in the literature, with regards to oscillating
flow in Stirling engines. But from what little | did read on the subject it seems that the
quasi-steady flow assumption works best when the swept volume in the expansion space
is larger than the heater volume, and the swept volume in the compression space is larger
than the cooler volume (this is usually the case). This is explained (in obscure wording)
in the following reference, on page 2: “Recent Stirling Engine Loss — Understanding
Results”, R. C. Tew, L. G. Thieme, J. E. Dudenhoefer, Lewis Research Center, 1990. The
web link is:

http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19900011798 1990011798.pdf.

The model used in the program is very similar to the Ideal Adiabatic Analysis, with the
difference that pumping losses are included in this equation set. This results in the net
work per cycle (and therefore power) being dependent on engine speed, which is realistic.
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The two figures below show a basic representation of the pressure drop of the working
gas as it flows through the heater, regenerator, and cooler.

Direction of gas flow

»
»

Heater Regenerator Cooler

Direction of gas flow

P
<«

Heater Regenerator Cooler

//PC
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As stated earlier, Py is the average pressure inside the dead space. It can be thought of as
the pressure at the approximate midpoint, as shown above.

The Heater, Cooler, and Non-ldeal Regenerator (optional)

The figure below shows a schematic of the heater, regenerator, and cooler assembly
(using the figure on page 91, as reference). The following mathematical development is
done in order to find the heating and cooling requirements of the system. Note that the
equations in this analysis are “decoupled” from the equations in the previous section.
Hence, they are solved separately.

-Il-fe r Q: Tlfc
: h Qm / QOUt k i
i /] v | f :
;- ___________ ; ______ : i R t : Ir_ _/ ________________ :
i egenerator i Cooler :

: i —r> dmyddt :
; T dmpddt o |
Th ) th ______________________ Tcool y de
Tregavg , Vdr
Heater 1 Regenerator 2 Cooler

Th
I & rk
Thr/
/Trk
h r
} e
Tcool

Assume linear temperature distribution

Use Th = Theat to sSimplify notation (note that this is different notation from what was used
in the previous section).
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Looking at point 1 (from the figure above):
Treg — (1_ &1 )Th
Similarly, looking at point 2:

Ty =(A+&,)T

cool

€1 and g, account for regenerator performance.

For an ideal regenerator: &; = &, = 0. Non-zero values account for non-ideal behaviour.

From the First Law of Thermodynamics, we can write the following energy equation for
the working gas inside the heater:

%cpre _ dmy, C T + aQ;
dt dt dt

d
a (thvTh) -

This can be rewritten as:

dm dm dQ.
T, == 2CT——C, T + "
dt dt dt
where
my, = the instantaneous mass of the working gas inside the heater
C, = specific heat of the working gas

C, = specific heat of the working gas

Refer to the figure above for the remaining variables.

From the previous section,

<0

T =T, if 9Me
dt
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dm,

T, =T, If >0
In addition,
T =T if M g
dt
dmhr

T, =(@L—g)T, if <0

dt

The mass balance for the heater is:

dm, __dm

e _dmhr
dt  dt dt

The ideal gas law equation for the heater is:

Pthh =m, RTh

Differentiate the ideal gas law equation for the heater with respect to time:

dP, dm

— MV, =—"RT
de " dt "
where

Van = the volume inside the heater

Note that Py = Py, = P, = Py (uniform pressure in the dead space, by assumption). For the
typical range of operating speed this is a reasonable assumption since differences due to
pressure drop are small relative to the “bulk” average pressure Pgy. In this range, the
pumping (flow) losses in the engine are not very high — for example, speeds up to and
including the speed for maximum power. This is the range of speed we are most
interested in anyway.
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As a side note, for an ideal regenerator (¢, = 0):
doO.
9 _ tipav,

dt

This says that for ideal regeneration, the rate of heat energy input is equal to the rate of
expansion space work.

From the First Law of Thermodynamics we can write the energy equation for the
working gas inside the regenerator. For the working gas inside the regenerator we know
that the temperature varies roughly linearly from the heater end to the cooler end.
However, we can “bulk” the energy equation into a single expression using an average
regenerator temperature T®9, which makes it easy to evaluate the total heat transfer Q, to
the regenerator:

dm, _ dm,, c,T, -
dt dt

avg
CvTreg

where
m, = the instantaneous mass of the working gas inside the regenerator

Refer to the figure above for the remaining variables.

Now,

dmrk

T, =Q+&,)T o If >0

dmrk

T k :Tcool If

r

<0

The mass balance for the regenerator is:
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dm, —dm,, dm,
dt dt dt

The ideal gas law equation for the regenerator is:

PV, =m,RT 2

Differentiate the ideal gas law equation for the working gas inside the regenerator with
respect to time:

dP.
dt

where

dm,
dt

Vd r— RTrzg )

Vgr = the void volume inside the regenerator

The average temperature of the working gas inside the regenerator is given as:

(1_‘91)Th o (1+‘92)Tcool
In (1_81)Th
1+e&,)T

cool

avg __
Treg T

The assumption made here is that the regenerator matrix has reached an approximate
steady state condition, and remains at a certain fixed temperature as a function of axial
position. The temperature of the matrix is Tn(1—¢;) at the heater end and changes linearly
to Teool(1+€2) at the cooler end.

The regenerator matrix has a high heat transfer area due to its fineness. This means that
the matrix can store and reject high levels of heat quickly (from and to the working gas,
respectively). Furthermore, the matrix has a high volumetric heat capacity relative to the
working gas, so it only fluctuates a little bit in temperature. This means that the
temperature of the working gas closely follows the temperature of the regenerator matrix
as it flows through. In addition, the average temperature of the working gas inside the
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regenerator is roughly equal to the average temperature of the matrix. This helps simplify

the calculations.

The heat exchange of the regenerator matrix with the working gas is a form of internal

heat exchange.

From the First Law of Thermodynamics we can write the energy equation for the

working gas inside the cooler:

dm, dm, dm, dQ,,
K=—"Tc T, - it c, T — dtt

c,T )

v ' cool dt dt P

m = the instantaneous mass of the working gas inside the cooler

Refer to the figure above for the remaining variables.

From before,

T, =T, if ame _ o
dt

dm,
dt

T, =T, If <0

The mass balance for the cooler is:

dm, dm, dm,

dt dt dt

The ideal gas law equation for the regenerator is:
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PVay = MRT,

ool

Differentiate the ideal gas law equation for the cooler with respect to time:

dR

SV _ ANy gy

dt cool

where

V4 = the volume inside the cooler

As a side note, for an ideal regenerator (g, = 0):

Qi _ £1pgy,
dt

This says that for ideal regeneration, the rate of heat energy removed from the cooler is
equal to the rate of compression space work.

The above equations for the heater, regenerator, and cooler can now be combined to solve
for Qin ) Qr ) and Qout-

Energy Balance for the System (optional)

The overall energy balance for a Stirling engine can be written as follows:

P :inn +er _onut
bt dt dt dt

where Py is the rate of energy output from the engine.

The terms on the right are written according to the sign convention shown on the figure
on page 109.

Note that dQ,/dt is always negative since a regenerator is always a source of thermal loss.
The values ¢; and ¢, are such that dQ,/dt is negative.
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Regarding Engine Pressure (optional)

If the engine were to operate in a vacuum it would produce the exact same power. The
reason for this is because atmospheric (or buffer space) pressure acts externally and
doesn’t affect the thermodynamics inside the engine. In addition, when acting on the
outside faces of the pistons, atmospheric (or buffer space) pressure produces zero net
work over a full cycle. The work required to “push against” atmospheric (or buffer space)
pressure when the pistons push outwards is equally balanced by the work that the
atmosphere (of buffer space) does when the pistons move inwards. So its effect is
cancelled out. Mathematically, this can be written (for each cycle) as:

)V =P Jadv

f{( engine atmospher englne atmospher

P

atmospher

é{ dv =0 (since Pamosphere 1S CONStant).

Therefore for each cycle:

§ engme

A Closer Look at Power Calculation (optional)

The output power of a Stirling engine is given by:

=(jPdV, +{P.dV.)- f

OUt

Where the term inside the brackets is the net work produced over one engine cycle, and f
is the engine frequency.

Next, | will prove that this expression for power applies to alpha, beta, and gamma

configurations.

Consider an alpha engine.

COMPRESSION ‘ ‘ EXPANSION
SPACE -V, 1 I SPACE - V,

\ Ac Pc dXz Xm Pe Ae
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Foue = TIRAX, +fRAdX;)

AdX, =dV,
AdX, =dV,
Therefore,

P.=f{PRdV,+{PdV,)

Note that the sign convention is: For upward motion of the pistons, dX; > 0 and dX; > 0.
For downward motion of the pistons, dX; <0 and dX; < 0.

Now consider a beta engine.

COMPRESSION EXPANSION
SPACE -V, SPACE -V,

POWER
PISTON

P = FTRAAX, +[PAX, — (RAX,)

This can be rewritten as:
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I:)out = f (ff Pc(Apdxl o A\icdxz) +§PeA\jedX2)
(Apdxl o A\jcdxz) - ch

and

A dX, =dV,

Therefore,

P = f(1RAV, +{P.AV,)

out

This is the same result as for alpha engines.

Note that the sign convention is: For leftward motion of the piston and displacer, dX; >0
and dX; > 0. For rightward motion of the piston and displacer, dX; <0 and dX; < 0.

The result for gamma engines is exactly the same as for beta engines, so we do not need
to go through that proof as well.

Numerical Solution Method (optional)

The solution method in the program uses a simple forward integration scheme (using the
Euler method) on the first order differential equations of the model. A small time step of
0.000001 seconds is used for good accuracy. The specific mathematical details of the
solution method are not shown here.

The solution is “marched” forward through time until the results converge numerically,
according to a convergence criterion used in the program. Convergence can take as little
as three cycles or as many as fifteen, depending on the input. Once the solution has
converged the results are output into the ‘results’ file. These results represent the
performance of the engine during cyclic-steady-state, where the engine operation has
stabilized and is running at constant speed.

In the numerical solution, the expansion space temperature and mass (of working gas) in
the expansion space are most sensitive to the choice of time step. And the compression
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space temperature, work output, heat-in, heat-out, pumping loss, pressure, and efficiency
are much less sensitive.

The expansion space temperature (using a time step of 0.000001) may be over-predicted
by as much as 3%, and the mass in the expansion space may be under-predicted by as
much as 3%. This is due to the lower density of the working gas in the expansion space
than compression space, which makes the mathematics in this region more "sensitive" to
the choice of time step. The error is most pronounced for: 1) low-density gases, such as
hydrogen, 2) higher engine pressure (on the order of megapascals), 3) relatively large
minimum volume in the expansion space (10% or more of the swept volume). The last
two points may seem counterintuitive since a higher engine pressure with a larger
minimum volume contains a greater mass of working gas in the expansion space and
should therefore be less “sensitive” to the choice of time step. But after double-checking |
found that this is in fact the case.

| also found that the error peaks at a certain engine pressure and then decreases if the
pressure is above or below that. For a particular case (using hydrogen as the working gas)
| found that the maximum error (3%) in the expansion space temperature occurred for an
average engine pressure of around 5 MPa (megapascals).

| also found that the error decreases for higher engine frequencies (speeds), which is
fortunate since we are most interested in operating an engine at higher speeds anyway.

Accounting for pumping losses in the equations is the cause of the above-mentioned
sensitivity to the choice of time step. It introduces some numerical difficulty. The way to
overcome this is to choose a time step that is even smaller than the one used.
Unfortunately, the run time for the program can become too long. It can take much longer
to run the program if one wishes to eliminate the potential 3% error. But in practical
terms it’s not worth it, especially since the most important quantities such as power and
efficiency, would be negligibly improved in terms of accuracy.

Therefore a time step of 0.000001 seconds was chosen as most suitable both for overall
accuracy and keeping the run time reasonable.

Note that Stirling engine simulations that do not account for pumping losses can use a
much larger time step. An example of such a simulation is the Ideal Adiabatic Analysis.
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Appendix A — Crank Drive Design For Alpha Engines

The crank drive is perhaps the simplest of all mechanical drives used in kinematic
Stirling engines. It is relatively easy to build and is conceptually easy to design.

However, its main disadvantage is that it creates lateral forces on the linkages. This is in
contrast to the Ross Yoke (described in Appendix B), which creates very little lateral
force.

The figures below illustrate the crank drive:

Hot Piston

Cold Piston
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View A

Rotational position of hot
piston is 90° ahead of cold
piston position, as shown in
View B

Design Procedure

If you want to size a crank drive for your Stirling engine, the procedure is simple:

1. Choose your desired piston stroke length. Call this SL.

2. Theradius R = SL/2

(note that the stroke length for the hot piston and cold piston do not have to be the same)

As shown in the figure above the angular position of the hot side piston is 90° ahead of
the cold side piston. 90° is the phase difference for maximum engine power (assuming an
alpha configuration). Note that for a beta and gamma engine, the optimal phase
difference is usually not 90°.

The crank drive mechanism allows for flexibility in choosing different phase angles.
However, it is better suited for gamma engines than beta engines.

With a crank drive, the motion of the pistons will be close to sinusoidal. They will be
almost perfectly sinusoidal if R is much shorter than the linkage arm, which connects to
the pistons. Also, an R-length much shorter than the linkage arm results in lower lateral
forces.

To see a video of the crank drive which | used in my Stirling engine project, see:
stirling_engine attempt.avi
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This website by Zig Herzog analyzes some of the different drives for Stirling engines:

http://mac6.ma.psu.edu/stirling/drives/index.html

Appendix B — Ross Yoke Design For Alpha Engines

The Ross Yoke is an ingenious mechanism for transferring dual piston motion into
rotational motion. It has the advantage of minimizing lateral forces acting on the pistons
making for a more efficient, compact design.

The figure below shows a schematic of the Ross Yoke.

Cold Piston

Hot Piston

The pistons of the Stirling engine are attached to A and C and reciprocate up and down as

the flywheel rotates around an angle 0. Point A is connected to the expansion space
piston, and Point C is connected to the compression space piston.

Points B and D are pin joints, which allow for rotation and sideways/up-and-down

motion. Points E and F are pin joints, which are fixed in place — i.e. they only allow for
rotation.

By inspection we can write:
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d,® = (x+rsin@—d,sin a)? +(rcosd+d, cosa —y)?

Now, it's a bit of a pain to solve this equation every time you want to see the effect of
changing dimensions. So to make my life easier | created an Excel sheet, which allows
me to input the dimensions of the various members of the mechanism and quickly
calculate the resulting motion. Based on close observation of these results | created a
simple procedure to determine the dimensions of a Ross Yoke according to the
requirements of your design.

Design Procedure

1. Choose your desired z dimension (note that 2z is the distance between the pistons).
Call this dimension Z.

2. Choose your desired stroke length (equal for both pistons). Call this length SL.

3. (Z/14) and (SL/4) become scale factors which will be used to calculate the remaining
dimensions:

X = (Z/14)x25
y = (Z/14)x15
r = (SL/4)x1.45
d; = (2/14)x25
d, = (2/14)x15

Using these, along with your desired z dimension, you have the necessary dimensions of
the Ross Yoke to give you the desired stroke length SL.

For example, let's say we want a z dimension of 5". So Z = 5". And let's say we also want
SL=1.7". Then,

x = (5/14)x25 = 8.9"

y = (5/14)x15 = 5.4"

r = (1.7/4)x1.45 = 0.62"
di = (5/14)x25 = 8.9"

d = (5/14)x15 = 5.4"
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The above values for (x, y, r, d1, dy, z) are used to build the Ross Yoke.

For your curiosity, below is a screen capture from the Excel sheet | used which shows a
graph of the motion of A and C.

E3 Microsoft Excel - stirling_Engine_Analysis_new =|81x

B Fle Edit wew Insert Format Tools Data Window Help _®x

A pasiz Al Items ~ B8

DEHASRY i BRI oo |@= £ 45|08 ws - F [ ru-BruE==HE|s%, $A[EE-H-A
c2 -] =
A ] B [T ¢ T 0 [ E T F ] 6 [ W [ T [ J [ K T L [ ] [ N o =
| 3 |Fixed lengths in Ross Yoke mechanism (inches) &
| 4 |x
|5 |y 15
| 6 |r 1 Vertical Position ~ Vertical Position  Horizontal Position
7 a1 25 theta (deg) theta (rads) Q1 [o7] alpha (rads) of A (inches) of C (inches) of B (inches)
| 8 |d2 15 1] 0 25 -14) 0.001334 15.97597769 16.02399562 -0.020007472
[9 |z 18 0.5729578 0.01 25.01 -14.00005 0.002 15.96391443 16.03592556 -0.020004804
[ 10] 1.14591559 0.02 25019999  -14.0002 0.002666 15.95175084 16.04774252 -0.019997867
[ 11] 1.71887339 0.03 25.029996 -14.00045 0.003332 15.93948816 16.05944536 -0.019986665
[ 12| 229183118 0.04 25039989 -14.0008| 0.003997 15.92712762 16.07103291 -0.019971204
[ 13| 2.36478898 0.05 25049979 -14.00125 0.004662 15.91467046 16.08250404 -0.019951491
[ 14| 343774677
15 4.01070457 P
461 458366237 Position of Aand C
[ 17 5.15662016
| 18] 5.72957796 18
| 19] 6.30253575
| 20| 6.87549355 16
21 [ 1 744845135 \/
| 22| 8.02140914 14 ——
| 23] 8.59436684
[24] 916732473 12
25 9.74028253
[ 26 103132403 Position 10 —Vert. pos. of A (inches)
127 10.8861981 i ) 8 =—\lert. pos. of C (inches)
| 28| 114591559
29| 120321137 6
| 30| 126050715
E 131780293 4
|32 ] 13.7509871
[33] 14.3239449 2
[ 34| 14.8969027 0 . . .
[ 35| 15.4698605
| 36 16.0428183 0 100 200 300
|37 16.6157761 Angle - theta (degrees)
[ 38 | 17.1887339
39 17.7616917 Il IUSUSY - TEUETRI UUZ TS TS 56 TTe50T T6.3365599 U UTEUTZI6T

The phase difference is roughly 90° for a large range of dimensions, calculated by the
above design procedure. The angular position of the hot side piston is 90° ahead of the
cold side piston position.

With a Ross Yoke drive, the resulting motion of the pistons is almost perfectly sinusoidal.
The motion of the pistons at A and C is strictly up and down, with very little sideways
motion, resulting in very small lateral forces acting on the pistons.

Here's an animation you might find interesting. This is courtesy of Matt Keveney:

http://www.animatedengines.com/ross.html

To see a video of a large Ross Yoke mechanism which | made out of wood, see:
large ross yoke.MPG
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Appendix C — Crank Drive Design for Beta and Gamma Engines

The figures below show a crank drive mechanism. This is exactly the same as for alpha
engines (described in Appendix A), but with the difference that the phase angle
difference is the general angle o instead of 90°.

Displacer

Power Piston
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View A

Rotational position of displacer
is a ahead of power piston
position, as shown in View B

From the figures above, it is evident that the stroke length of the displacer = 2xRq4 and the
stroke length of the power piston = 2xR,.

It should be noted that the crank drive shown above is better suited for gamma engines
than beta engines. This is because, in beta engines, it’s difficult to arrange the linkages so
that they line up with the displacer and power piston. But in gamma engines the displacer
and power piston are separated a certain distance apart. This lends itself well to a crank
drive set up.

A mechanical drive commonly used for a beta engine is a rhombic drive. This is
explained in Zig Herzog's website:

http://mac6.ma.psu.edu/stirling/drives/index.html

Appendix D — Carnot Efficiency

The equation for thermal efficiency is:

P t

ou

Tlett = Q—m
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Qin represents the heat input energy. The heat source can be from burning a fuel or from
concentrated solar energy.

For all heat engines the maximum power is related to the Carnot efficiency and the input
heat Qj;,. Mathematically, this can be expressed as:

.
P =Q (1--¢
out an( T)

h
with temperatures T and Ty, in Kelvin.

And by comparison with the above equation for thermal efficiency:

Tc
et = (1_T_)

h
This is the Carnot efficiency.

This basically says that a greater temperature difference results in greater power output
(higher thermal efficiency). And a lower temperature difference results in lower power
output (lower thermal efficiency). This is why, for purposes of solar thermal power
generation, it is desirable to focus sunlight from a large area onto a small area. The result
is much higher temperature and thermal efficiency, and as a result higher power. For
example, a collector of surface area A that is collecting heat energy from the sun to run a
heat engine, is much less efficient (and produces much less power) than a heat engine that
uses that same energy, but in concentrated form. In other words, focusing the sunlight
impinging on A onto a small point and using that energy to run a heat engine is much
more efficient and produces more power than using unfocused sunlight falling on the
collector.

The more you can focus the heat energy the more power you will get. This is why Stirling
dishes, which focus sunlight to a point (http://www.stirlingenergy.com/) produce more
power than parabolic troughs, which focus sunlight along a line (assuming both use the
same area of sun exposure). The focal temperature is higher in the Stirling dishes than in
parabolic troughs, which is why they are more efficient.

Think of temperature difference as a slope, like a hill. You can “dump” more heat energy
across a larger temperature difference than a smaller one, and as a result produce more
power.
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Appendix E— MOD Il Engine

There are two reports available which describe the MOD 11 engine in detail:

http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.qgov/19880002196 1988002196.pdf

http://mac6.ma.psu.edu/stirling/reports/19970012689 1997021349.pdf

This next report describes the attempt made to introduce the MOD 11 engine into the
automotive market. It’s especially interesting to read the copies of the letters, written by
the various car companies in response to these efforts.

http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19960052858 1996077177.pdf

The pictures below are of the MOD 11 engine. They are taken from the NASA Technical
Reports Server (http://ntrs.nasa.gov/search.jsp).

128


http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19880002196_1988002196.pdf
http://mac6.ma.psu.edu/stirling/reports/19970012689_1997021349.pdf
http://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/19960052858_1996077177.pdf
http://ntrs.nasa.gov/search.jsp

National A and Space A
tmﬁﬂ—mw

The figure above shows the displacer pistons sticking out of the engine block.

MASA
C19856.3N08
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The figure above shows the heater tubes.

NASA
C-1086-3720

and Space A MOn
Lowis fesearch Centor

The figure above shows the crankshaft-power-piston-displacer assembly.

@ .
Cases-yr?
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a3 Space A
Lewss Aesearch Center

The figure above shows the radiator used for the cooler.

The remaining pictures of the MOD 11 engine can be found at these links:

http://grcimagenet.grc.nasa.qgov/GRCDigitalImages/1986/1986

03720L.jpg

http://grcimagenet.grc.nasa.qgov/GRCDigitalImages/1986/1986

03712L.jpg

http://grcimagenet.grc.nasa.qgov/GRCDigitalImages/1986/1986

03721L.jpg

http://grcimagenet.grc.nasa.qgov/GRCDigitalImages/1986/1986

03716L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986

03729L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitallmages/1986/1986

03710L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986

03718L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986

03715L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitallmages/1986/1986

03719L.jpg
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http://grcimagenet.grc.nasa.gov/GRCDigitalImages/1986/1986_03715L.jpg
http://grcimagenet.grc.nasa.gov/GRCDigitalImages/1986/1986_03719L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03713L.jpqg

http://grcimagenet.grc.nasa.qov/GRCDigitallmages/1986/1986 03725L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03705L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03724L.ipqg

http://grcimagenet.grc.nasa.qov/GRCDigitallImages/1986/1986 03711L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03717L.jpqg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03732L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitaliImages/1986/1986 03714L.ipqg

http://grcimagenet.grc.nasa.qov/GRCDigitaliImages/1986/1986 03731L.jpag

http://grcimagenet.grc.nasa.qov/GRCDigitaliImages/1986/1986 03706L.jpg

http://grcimagenet.grc.nasa.qov/GRCDigitalImages/1986/1986 03709L.jpqg
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Appendix F — SES Stirling Dishes

The picture below shows a 25 kW Stirling engine, produced by Stirling Energy Systems
(SES). The engine is mounted on a boom with the thermal receiver positioned at the focal
point. Using a parabolic dish roughly 11 meters in diameter, the sun’s energy reaches 800
degrees Celsius at the focus.

Power Conversion Unit
(PCU)

A

Elevation
Drive

Mirror
Facet

#*  Trusses S\

....A..-»c.vgw-'.::‘___-. -:M .

el >

Dish Controller 7 I. \ Pedestal
{inside pedestal) oo,

-

Source: http://www.stirlingenergy.com/
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The picture below shows the exposed thermal receiver of the SES engine. You can see
the heater tubes at the front. This is very similar to the heater tube construction for the
MOD Il engine.

Source: http://www.nrel.gov/csp/troughnet/pdfs/2007/liden ses dish stirling.pdf

The picture below shows another view of the SES engine.
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Source: http://www.nrel.gov/csp/troughnet/pdfs/2007/liden ses dish stirling.pdf
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Appendix G — Example Optimization

Program Run # 1 — The goal is to determine the number of tubes and regenerator void
volume for maximum power. For the first run set up the input file as shown below. Then
save the file and run the program.

Swept volume in expansion space (cm”3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

14.4

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

10

Number of tubes in cooler

10

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant epsl (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

From the ‘results’ file, the maximum power is 15115 W, which occurs at a speed of 50
Hz. The average pressure at this speed is 8812722.9 Pa. This is very close to the desired
average pressure of 8785750 Pa, so we don’t have to adjust the scale factor. We can go
on to the next run.
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Program Run # 2A - For the second run edit the input file as shown below. The only
numbers that are changed from the previous run are highlighted in blue. Save the file and
run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

28.8

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

20

Number of tubes in cooler

20

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

From the ‘results’ file, the maximum power is 20221 W, which occurs at a speed of 82
Hz. The average pressure at this speed is 8584804 Pa. This is not close to the desired
average pressure of 8785750 Pa. Therefore, we need to use a scale factor to correct for
the difference, and run the program again. The scale factor is 8785750/8584804 = 1.023.
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Program Run # 2B - For the third run edit the input file as shown below. The only
number that is changed from the previous run is the scale factor, highlighted in blue. Save
the file and run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

28.8

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

20

Number of tubes in cooler

20

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.023

From the ‘results’ file, the maximum power is 20478 W, which occurs at a speed of 81

Hz. The average pressure at this speed is 8782084 Pa. This is very close to the desired
average pressure of 8785750 Pa. Therefore we can go on to the next run.
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Program Run # 3A - For the fourth run edit the input file as shown below. The only
numbers that are changed from the previous run are highlighted in blue. Save the file and
run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

432

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

30

Number of tubes in cooler

30

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

From the ‘results’ file, the maximum power is 21785 W, which occurs at a speed of 104
Hz. The average pressure at this speed is 8514230 Pa. This is not close to the desired
average pressure of 8785750 Pa. Therefore, we need to use a scale factor to correct for
the difference, and run the program again. The scale factor is 8785750/8514230 = 1.032.
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Program Run # 3B - For the fifth run edit the input file as shown below. The only
number that is changed from the previous run is the scale factor, highlighted in blue. Save
the file and run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

43.2

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

30

Number of tubes in cooler

30

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.032

From the ‘results’ file, the maximum power is 22168 W, which occurs at a speed of 103

Hz. The average pressure at this speed is 8787544 Pa. This is very close to the desired
average pressure of 8785750 Pa. Therefore we can go on to the next run.
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Program Run # 4A - For the sixth run edit the input file as shown below. The only
numbers that are changed from the previous run are highlighted in blue. Save the file and
run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

57.6

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

40

Number of tubes in cooler

40

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

From the ‘results’ file, the maximum power is 21981 W, which occurs at a speed of 121
Hz. The average pressure at this speed is 8485270 Pa. This is not close to the desired
average pressure of 8785750 Pa. Therefore, we need to use a scale factor to correct for
the difference, and run the program again. The scale factor is 8785750/8485270 = 1.035.

141



Program Run # 4B - For the seventh run edit the input file as shown below. The only
number that is changed from the previous run is the scale factor, highlighted in blue. Save
the file and run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

57.6

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

40

Number of tubes in cooler

40

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.035

From the ‘results’ file, the maximum power is 22406 W, which occurs at a speed of 119
Hz. The average pressure at this speed is 8781491 Pa. This is very close to the desired
average pressure of 8785750 Pa. Therefore we can go on to the next run.
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Program Run # 5A - For the eighth run edit the input file as shown below. The only
numbers that are changed from the previous run are highlighted in blue. Save the file and
run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

72.0

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

50

Number of tubes in cooler

50

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.0

From the ‘results’ file, the maximum power is 21615 W, which occurs at a speed of 135
Hz. The average pressure at this speed is 8469890 Pa. This is not close to the desired
average pressure of 8785750 Pa. Therefore, we need to use a scale factor to correct for
the difference, and run the program again. The scale factor is 8785750/8469890 = 1.037.
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Program Run # 5B - For the ninth run edit the input file as shown below. The only
number that is changed from the previous run is the scale factor, highlighted in blue. Save
the file and run the program again.

Swept volume in expansion space (cm”"3)

87.0

Swept volume in compression space (cm”3)
87.0

Minimum volume in expansion space (cm”"3)
5.0

Minimum volume in compression space (cm”3)
5.0

Phase angle (degrees)

90.0

Regenerator void volume (cm”3)

72.0

Flow cross-sectional area of each heater tube (cm”2)
0.04

Flow cross-sectional area of each cooler tube (cm”2)
0.04

Wetted perimeter for each heater tube (cm)
0.8

Wetted perimeter for each cooler tube (cm)
0.8

Flow length of each heater tube (cm)

18.0

Flow length of each cooler tube (cm)

18.0

Number of tubes in heater

50

Number of tubes in cooler

50

Heater temperature (K)

1000.0

Cooler temperature (K)

293.0

Average pressure (Pa)

8785750.0

Gas constant (J/(kg.K))

4120.0

Cp of working gas (J/(kg.K))

14310.0

Cv of working gas (J/(kg.K))

10190.0

Viscosity (N.s/m”2)

0.0000118

Regenerator constant eps1 (dimensionless)
0.0

Regenerator constant eps2 (dimensionless)
0.0

Scale factor to get the average pressure you want at the engine speed you want (default = 1.0)
1.037

From the ‘results’ file, the maximum power is 22057 W, which occurs at a speed of 133
Hz. The average pressure at this speed is 8782177 Pa. This is very close to the desired
average pressure of 8785750 Pa. The maximum power in this run is less than what it was
in Program Run # 4B. Therefore, the optimal number of tubes is about 40, and the
optimal regenerator void volume is about 58 cm®. We are done!

144



	Table of Contents
	Legal Notice and Disclaimer 
	References 
	Some Background 
	So What Is The Purpose of this Stirling Engine Program?
	Stirling Engine Basics – What is a Stirling Engine?
	The Three Stirling Engine Configurations
	Outline
	The Program Input (must-read)
	Input File Parameters and What They Mean (must-read)
	Using The Program (must-read)
	Method of Solution (must-read)
	A Closer Look at the Heater and Cooler (must-read)
	A Closer Look at the Regenerator (must-read)
	Graph to help you visualize the temperature of the working gas as it flows through the heater, regenerator, and cooler (must-read)
	Engine Losses (must-read)
	A Closer Look at Power and Efficiency (must-read)
	Buffer Space (must-read)
	A Closer Look At The Displacer (must-read)
	Flywheel Design (must-read)
	Miscellaneous Items (must-read)
	The Radiator and Heat Source (must-read)
	Offset Angle in the Expansion and Compression Space Volume (optional)
	Excerpts Taken From Stirling Engine Design Manual (optional)
	Sensitivity Analysis (must-read)
	Analyzing the Program Results (must-read)
	Summary of units used (must-read)
	Troubleshooting (must-read)
	Technical Support
	Stirling Engine Thermodynamics (optional)
	The Heater, Cooler, and Non-Ideal Regenerator (optional)
	Energy Balance for the System (optional)
	Regarding Engine Pressure (optional)
	A Closer Look at Power Calculation (optional)
	Numerical Solution Method (optional)
	Appendix A – Crank Drive Design For Alpha Engines
	Appendix B – Ross Yoke Design For Alpha Engines
	Appendix C – Crank Drive Design for Beta and Gamma Engines
	Appendix D – Carnot Efficiency
	Appendix E – MOD II Engine
	Appendix F – SES Stirling Dishes
	Appendix G – Example Optimization



